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EMPIRICALLY DERIVED OPTIMAL GROWTH EQUATIONS
FOR HARDWOODS AND SOFTWOODS IN ARKANSAS

Don C. Bragg’

Abstract-Accurate growth projections are critical to reliable forest models, and ecoiogi-
ta l ly  based simulators can improve siivicultural  predictions because of their sensitivity to
change and their capacity to produce long-term forecasts. Potential relative increment (PRI)
optimal diameter growth equations for loblolly pine, shortleaf pine, sweetgum, and white oak
were fit to data from the Arkansas portion of the Eastwide  Forest Inventory Data Base
(EFIDB). Large sample sizes are necessary for successful application of the PRI  mathodol-
ogy, and in aggregate almost 29,000 trees were used to develop these models, In the final
model versions, only a handful (<  30 per species) of the fastest growing trees given their
species, size, and growing conditions were retained from the Arkansas EFIDB. Shortleaf
pine, sweetgum, and white oak all generated skewed model curves, while loblolly pine
p r o d u c e d  a  m o n o t o n i c a l l y  d e c l i n i n g  c u r v e .  C o m p a r i s o n  o f  t h e s e  o p t i m a l  i n c r e m e n t  m o d e l s
across tree size indicated that loblolly pine had higher potential than the other species until -
10 cm in diameter at breast height (d.b.h.),  after which sweetgum and white oak overtook it
at intermediate sizes. However, loblolly pine optimal performance decreased at a lesser rate
than any of the other species, so that by 60 cm d.b.h.  it once again had the greatest
potential. The other taxa  outperformed shortleaf pine throughout most of the diameter range
considered, while sweetgum proved intermediate between shortleaf and white oak. These
optimal diameter functions are a valuable first step in the development of forest simulators.

INTRODUCTION
Foresters have increasingly used models to predict long-
te rm s tand  dynamics .  Emp i r i ca l l y  based  g rowth  and  y ie ld
models, e.g., Lynch and others (1999) Wykoff and others
(1982),  are popular because they are relatively easy to
parameterize. However, the rigid nature of these designs,
their finite analysis options, and their lack of ecological
mechanism have limited their applicability beyond short-
te rm growth-and-y ie ld  p red ic t ion .  Eco log ica l  p rocess
mode ls  a re  becoming  more  w idespread,  e .g . ,  Bo tk in  and
others (1972),  Bragg (1999),  Pacala and others (1993),  in
part because of their greater complexity and flexibility.
However ,  these  mode ls  o f ten  lack  an  emp i r i ca l  founda t ion
and  somet imes  re ly  upon  ques t ionab le  assumpt ions .
B lend ing  the  pos i t i ve  fea tures  o f  empi r i ca l  and eco log ica l
mode ls  shou ld  improve  the  re l iab i l i t y  o f  long- te rm fo recas ts
of forest dynamics.

Most forest simulators include some kind of individual tree
growth  mode l .  A  fundamenta l  goa l  o f  th is  inc rement  mode l
is to predict realized growth accurately, and there are at
least two different ways to approach this problem. Most
emp i r i ca l  mode ls  use  a  f i t t ed  s ta t i s t i ca l  response  where
increment is either added or subtracted from a standard
level, depending on how favorable conditions are for
growth, e.g., Wykoff and others (1982). While commonly
applied, this design limits the growth function to a specified
set of modifiers, thus restricting its adaptability. The other
pr imary  approach  employs  a  po ten t ia l  inc rement  func t ion
that is resealed  downward based on departures from

optimal growth conditions, e.g., Botkin and others (1972),
Bragg (2001). Thus, one predicts realized growth from its
depar tu re  f rom opt ima l  g rowth  us ing  appropr ia te  mod i f ie r
function(s). In principle, this strategy has greater flexibility
fo r  eco log ica l  mode l ing  because env i ronmenta l  response
func t ions  can  be  more  soph is t i ca ted  and  mechan is t i c .
However, one of the biggest challenges to optimal growth
mode l ing  l ies  in  the  deve lopment  o f  an  acceptab le
response curve .

Researchers  have deve loped and eva luated numerous
des igns  o f  po ten t ia l  g rowth  equat ions  (Botk in  and  o thers
1972, Moore 1989, Pacala and others 1993, Zeide 1993).
Most recently, Bragg (2001) developed the Potential
Relative Increment (PRI) methodology to fit inventory data to
an  eco log ica l l y  robus t  func t ion ,  thus  l ink ing  des i rab le
theore t i ca l  and  s ta t i s t i ca l  p roper t ies .  Th is  paper  p resen ts
optimal PRI increment models for loblolly pine (Pinus
taeda L.), shortleaf pine (P. echinata Mill.), sweetgum
(Liquidambar styraciflua L.), and white oak (Quercus alba
L.) in Arkansas using data from the Eastwide  Forest
Inventory Data Base (EFIDB) (Hansen and others 1992).

METHODS
The details of the PRI method are beyond the scope of this
paper (see Bragg 2001). Briefly, all records of the species
of interest with positive growth were selected for
processing. After identifying this initial group, those
individuals growing at the greatest rate for each 2-cm
diameter at breast height (d.b.h.) class (one tree per size
c lass)  were  segregated  in to  a  max ima l  ac tua l  inc rement
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Table l-Statistics on the four species extracted from the Arkansas
portion of the Eastwide  Forest Inventory Data Base

Orig inal Minimum Maximum Standard
Species s a m p l e  s i z e d.b.h. d.b.h. d.b.h. deviation

_-__-_---__ Cenfimefers----------

Loblo l ly  p ine 11,340 2 . 8 8 8 . 6 13.52
Shor t lea f  p ine 7,587 2 . 8 7 0 . 1 10.57
Sweetgum 3,906 2 . 8 1 1 1 . 3 14.13
Whi te  oak 6,089 2 . 8 1 0 0 . 8 13.70

Table P-Final model regression coefficients (b,, b,,  and b,), goodness-of-fit, and
final sample sizes

Species b, b* 4 F LOS@ Final nb

Loblo l ly  p ine 2.708480 -1.033813 0.993497 0.9975 0.00284 2 9
Shor t lea f  p ine 1.171747 -.623995 .962244 .9953 .00278 2 5
Sweetgum .439226 -.053773 .944559 .9942 .00109 1 6
Whi te  oak .273683 .086414 .955673 .9960 .00028 1 2

a  Loss = C(observed  - predicted)2.
b  Final number of points used to fit the optimal potential relative increment curves and generate
the /#  values in this table.

pool. From these, a best subset was identified to fit the PRI
growth  func t ion :

PRI = b,Dj&,  by (1)

w h e r e

D = the d.b.h. of the maximally performing individual (by
sizr  class) and
b, to b3  = spec ies-spec i f i c  non l inear  o rd inary  leas t  squares
reg ress ion  coe f f i c ien ts .
Optimal increment is the product of PRI and current d.b.h.,
while realized increment can be estimated by multiplying
op t ima l  inc rement  w i th  l im i t ing  env i ronmenta l  sca la r (s )
(Bragg 2001). In this final step, factors such as competition
and site quality come into play.

The spatially extensive sample found in the EFIDB  covers
most of the possible variation in the environment. However,
the odds of finding a Forest Inventory and Analysis plot with
the perfect combination of site quality, stand density, and
genetics to produce a truly optimal growth environment are
negligible. Therefore, the PRI methodology is a
conserva t i ve  represen ta t ion  o f  po ten t ia l  d iamete r  g rowth
(Bragg 2001). The inference that optimal conditions can be
approx imated  f rom inventory  da ta  requ i res  a  la rge  sample
of trees of the desired species from an extensive area. To

ensure  adequate  representa t ion ,  a lmost  29 ,000 ind iv idua ls
from the taxa of interest were selected from the Arkansas
portion of the EFIDB (11,340 loblolly pines, 7,587 shortleaf
pines, 3,906 sweetgums, and 6,089 white oaks) (table 1).

Only a small fraction (c  30 per species) of the records were
retained for the final models (table 1). Loblolly pine
provides an example of the iterative fitting process.
Or ig ina l ly ,  over  11,000 records  were  cons idered usab le ,
covering most of the range of possible size and increment
with little apparent measurement error (fig. IA). The
exception is an outlier identified by the arrow in figures IA
and 1 B. This tree apparently grew from 61  .O cm d.b.h. to
90.2 cm d.b.h. in 7.2 years (an average of 4.2 cm annually),
a highly dubious rate given the size of the tree. Of the initial
multitude of records, 42 loblolly were chosen, one for each
respective diameter class (fig. IB).  Since the objective of
the methodology was to identify an optimal growth curve,
individuals within the d.b.h. class structure that did not
maximize this function were removed (including the outlier).
Thus, a final subset of 29 loblolly pines was retained for
curve fitting (fig. IC).  This process was repeated for the
other species until a suite of models was developed.

RESULTS AND DISCUSSION
Figure 2A illustrates that optimal increment performance is
a distinct function of species and size. Translated into the
more in terpre tab le  measure  o f  po tent ia l  annua l  d .b .h .
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Figure l-Graphical demonstration of the potential relative
increment (PRI) methodology for loblolly pine in Arkansas. After the
initial sample (n,,,)  of 11,340 loblolly pines was chosen (A), only
the points (r&J  representing the highest growth performance
within each 2-cm  d.6.h.  class remained after an initial filtering (B).
Further discrimination resulted in a subset (final nMAX = 29) used to
develop the PRI model (C). Note the arrows in (A) and (B) that
identify the outlier removed before final model fitting.

growth (fig. 2B),  differences in performance become even
more marked. Shortleaf pine, sweetgum, and white oak all
produced skewed model curves with different local maxima
and trajectories, while loblolly pine yielded a monotonically
declining curve with a maximum at the smallest d.b.h.
class. Thus, for the smaller diameters (< 12 cm), loblolly
pine had the potential to outgrow any of the other species in
this sample, especially shortleaf  pine and sweetgum.
However, between 12 and 30 cm d.b.h.,  both sweetgum
and white oak were predicted to have higher potential
performance than loblolly pine, with white oak continuing
this trend to 60 cm. From 60 centimeters on, loblolly
rega ined  i t s  dominance over  the  o ther  spec ies .

Shor t lea f  p ine  fa i led  to  approach  the  max ima l  per fo rmance
of sweetgum  and white oak until very large diameters, and
never matched loblolly’s  potential. Sweetgum  performed
at an intermediate level until larger diameters were
reached,  upon wh ich  i t s  op t ima l  per fo rmance decreased
noticeably. Note that these results are for predictions of
potential increment, not those realized in the field: actual
diameter growth will be a function of factors such as

- Loblolly pine
- Shorlleaf pine
- - .  Sweelgum
----. White oak

lb 2b 3b 40 5b 60 7b 80 eo 100

D.b.h.  (in cm)

- Loblolly pine
- Shortteal  pine
- - .  Sweetgum
.----  White oak

0 10 20 30 40 50 80 70 80 90 100

D.b.h.(in cm)

Figure 2-Annual potential relative increment (PRI) (A) and
potential annual growth (B) for loblolly pine, shortleaf pine,
sweetgum, and white oak. The differences in the PRI curves
yield dramatic differences in optimal growth performance
between species.

1.0:
-.

3 -.
E - Loblolly pine(Arkense8  only) - -

8 ----0.5 - Loblolly pine (5 state Midsouth)

P .
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Figure S-Comparison of the Arkansas potential relative increment
model of loblolly pine (solid line) and the Midsouth  model (Unpub-
lished manuscript. DC. Bragg, Research Forester, USFS Southern
Research Station, P.O. Box 3516 UAM, Monticello, AR 71656) that
included Arkansas (dashed line). The Midsouth  model benefited
from supplemented and extended size classes, thus resulting in a
noticeably different prediction of potential tree performance.
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l oca l i zed  edaph ic ,  c l ima t i c ,  and  compet i t i ve  cond i t i ons ,
pho tosyn the t i c  su r face  a rea ,  t ree  mo is tu re  s ta tus ,  gene t i c
pred ispos i t ion ,  o r  the  p resence o f  pa thogens .

From these data, it appears loblolly pine has the potential
to add the greatest diameter increment (2.6 cm annually) at
the smallest size, while shortleaf pine peaks (-  1.9 cm
annually) at approximately 8 to 10 cm d.b.h.,  sweetgum
reaches a maximum (-2.4 cm annually) at 15 to 18 cm
d.b.h.,  and white oak crests (-2.9 cm annually) at
approximately 25 cm d.b.h..  These results differ from a
more extensive set of PRI curves fit to an inventory pool for
the Midsouth  (Arkansas, Louisiana, Missouri, Oklahoma,
and Texas).* Using loblolly pine as an example, noticeable
differences in potential increment are apparent at both
small and large diameters (fig. 3).

Under the Midsouth  model, a skewed model form replaces
the monoton ica l l y  dec l in ing  mode l  o f  the  Arkansas-on ly
data, with a new, higher maximal annual growth peak of >
3.2 cm now found at - 15 cm d.b.h. Optimal growth
potential remains higher until loblolly pine reaches > 65 cm
d.b.h., after which it drops below the Arkansas model. The
data used for the Midsouth  model changed the curve shape
dramatically by adding points at small diameters that
p roduced more  op t im is t i c  op t ima l  per fo rmance wh i le
s imu l taneous ly  con t r ibu t ing  new observa t ions  in  the  la rger
d iameter  c lasses .  Poo l ing  can  inc rease  con f idence  in
resu l ts  by  supp lement ing  and/or  ex tend ing  the  range o f
sample  da ta .  In  some cases ,  though ,  poo l ing  may
overes t imate  loca l  g rowth  po ten t ia l  i f  env i ronmenta l  and
genetic conditions are significantly different from the more
limited study area. Because of similarities in the
env i ronmenta l  and lob lo l l y  genet ic  cond i t ions  in  the
Midsou th ,  the  inc rease  in  po ten t ia l  op t ima l  per fo rmance
noted in  f igure  3  shou ld  no t  cause major  p rob lems when
app l ied  in  Arkansas.

CONCLUSIONS
Optimal tree diameter growth performance is a function of
both species and size. In this Arkansas sample, loblolly
pine and white oak outperformed sweetgum  and shortleaf
pine. However, all species considered in this paper can
potentially add 2 to 3 cm of diameter annually. The ability to
d i f fe ren t ia te  spec ies  per fo rmance based on  s tandard ized
growth  func t ions  shou ld  he lp  the  fo res t  research
community, especially if the inventory information is widely
avai lab le.

Large public databases like the EFIDB  can assist the
deve lopment  o f  s i l v i cu l tu ra l  and  mensura t iona l
app l ica t ions .  The i r  cons iderab le  spat ia l  ex ten t ,  r igorous
sampl ing  des ign ,  and  broad range o f  spec ies  and  s ize
classes also favor their use in other fields, especially
eco log ica l  mode l ing .  The deve lopment  o f  empi r i ca l l y
der i ved  op t ima l  g rowth  mode ls  p rov ides  the  bas is  fo r  fo res t
simulators grounded in both theory and reality.
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A METHOD FOR ASSESSING ECONOMIC
THRESHOLDS OF HARDWOOD COMPETITION

Steven A. Knowe’

Abstract-A procedure was developed for computing economic thresholds for hardwood
competition in pine plantations. The economic threshold represents the break-even level of
competition above which hardwood control is a financially attractive treatment. Sensitivity
analyses were conducted to examine the relative importance of biological and economic
factors in determining economic thresholds. Growth models were used to determine the
level of hardwood basal area (HBA) at which the cost of hardwood control equals the
reduction in net present value of the stand due to competition. A basal area prediction model
was fit with absolute HBA, rather than percent HBA, and then used to simulate the effects
of hardwood competition in loblolly pine plantations. Generalized yield response models at
age 25 were developed by site index and HBA, and used to compute HBA when the net
present value of the pine response was zero. A hardwood basal area growth model was
developed for projecting hardwood basal area to age 3, which is when release treatments
would be applied. Sensitivity analyses examined the relative importance of site index,
interest rate, pine stumpage value, and treatment cost in determining economic thresholds.
The most important biological factor was site index, and interest rate was the most important
economic factor. Pine stumpage value and cost of hardwood control treatment were
r e l a t i v e l y  u n i m p o r t a n t  i n  d e t e r m i n i n g  e c o n o m i c  t h r e s h o l d s .

INTRODUCTION
Cont ro l  o f  compet ing  vege ta t ion  has  become a  common
silvicultural practice for managing pine plantations in the
Southeast .  Budgetary  and env i ronmenta l  cons idera t ions
requ i re  tha t  vegeta t ion  management  t rea tment  be  p re-
scribed on the basis of site-specific analysis of costs and
benefits. To be most effective, vegetation treatments must
be applied at young ages. However, information on the
long- te rm benef i t s  o f  vege ta t ion  management  i s  inad-
equate, and response to different treatments cannot be
reliably extrapolated to rotation age as required for eco-
nomic  ana lyses .

Research over the last 25 years has shown substantial
inc reases  in  p ine  growth  fo l low ing  hardwood cont ro l
(C lason 1978,  Ca in  and Mann 1980,  G lover  and D ickens
1985, Glover and Zutter 1993, Miller and others 1995,
Quicke  and others 1996). Despite these efforts, forest
managers  have  few quan t i t a t i ve  too ls  to  assess  “how
much is too much” for specific site and stand conditions.
According to Wagner (1993),  developing objective and
quan t i ta t i ve  sys tems to  eva lua te  the  response  to  p roposed
treatments is one of the highest priorities for vegetation
management  research .  Such  dec is ion  suppor t  too ls  a re
needed to  ensure  tha t  t rea tments  a re  p rescr ibed  on ly  when
the  long- te rm changes  in  s tand deve lopment  can  be
economica l l y  jus t i f ied  and ba lanced w i th  eco log ica l
cons idera t ions  (Wagner  1994) .

The economic threshold-the hardwood density at which
the discounted value of the gain in timber volume at rotation
age fo l low ing  a  compet i t i on  con t ro l  t rea tment  equa ls  the

discounted cost of the competition control treatment
(Cousens 1987)-serves  as a basis for justifying vegeta-
t ion  t rea tments .  The  economic  th resho ld  approach  invo lves
computing net present value (NPV) for competition control
t rea tments  and  de te rmin ing  the  leve l  o f  hardwood compet i -
tion that produces an NPV of $O/ac  in the treated stand.

NPV = VolumeGainedx Stumpagevalue - -
(1 + 9'

""y:"+';f'""'  = ,, [II

where i=interest rate (percent), r = rotation age (years), and
t = age of hardwood control treatment (years). Estimating
the  vo lume ga ined  fo l low ing  compet i t ion  con t ro l  i s  essen-
t ia l  to  comput ing  the  economic  th resho lds .

The method o f  de termin ing  the  economic  th resho ld  leve l  o f
ha rdwood  compet i t i on  cons is ts  o f  3  s teps ,  and  i s  demon-
strated for loblolly pine plantations. Yield is simulated for
various levels of site index, planting density, and HBA. The
second step is to use predicted yield, pine stumpage  value,
hardwood treatment cost, and interest rate to compute the
economic  th resho ld  leve l  o f  hardwood compet i t ion  a t
rotation age. The final step is to project the economic
threshold level of hardwood competition at rotation age to
the age when a release treatment would be applied.
Sensitivity of biological factors (site index and planting
density) and economic factors (interest rate, pine stump-
age value, and treatment cost) on the economic threshold
leve l  o f  hardwood compet i t ion  a lso  is  examined.
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METHODS

Predicted Yield
The first step in determining economic thresholds is to
predict the yield of loblolly pine plantations with varying
amounts of hardwood competition. Three computer
models  have been deve loped (Burkhar t  and Spr inz  1984,
Smith and Hafley 1986, and Knowe 1992) to simulate the
effects of hardwood competition in loblolly pine plantations.
Knowe (1992)  compared the  assumpt ions  and methodo l -
ogy of these yield systems. Data used to develop the
models were obtained primarily from Piedmont and Upper
Coastal Plain sites. When hardwood competition is
present, all three existing models produce negatively
skewed diameter distributions, with predominately small-
d iamete r  t rees  and  few la rge-d iamete r  t rees .  These
mode ls  use  a  negat ive  exponent ia l  re la t ionsh ip  be tween
pine basa l  area and percent  HBA:  greater  p ine reduct ions
occur at low levels of hardwood competition than at high
leve l s .

A major limitation of all three existing models is that
percent HBA is used as a predictor variable. Pine basal
area can be obtained from total basal area and percent
HBA. Furthermore, total basal area must be known in order
to compute percent HBA. Therefore, using percent HBA
implies that the basal area of both the pine and hardwood
components is known. In addition, the long-term dynamics
of percent HBA are not well documented, with one notable
exception (Glover and Zutter 1993)  and it cannot be reliably
pred ic ted (Har r ison and Borders  1996) .

A major difference in the loblolly pine plantation yield
prediction systems is the amount of pine basal area
d isp laced by  hardwood compet i t ion .  The Burkhar t  and
Sprinz (1984) model implies that 1 ft’/acre of HBA replaces
1.26 ft*/acre  of pine basal area at 10 percent HBA and 2.11
ft2/acre  of pine basal area at 30 percent HBA. The model
deve loped by  Smi th  and Haf ley  (1986)  imp l ies  rep lacement
ratios of 0.88 ft* and 0.93 ft* of pine basal area per ft* of HBA
at 10 and 30 percent HBA, respectively. The Knowe (1992)

model implies a replacement ratio of 0.97:1  (ft* pine basal
area/ft*  hardwood basal area) at 10 percent HBA and 0.99:1
at 30 percent HBA.

The p ine  basa l  a rea and d iameter  d is t r ibu t ion  mode ls
deve loped by  Knowe (1992)  were  chosen fo r  demonst ra t -
ing the method of computing economic threshold level of
hardwood compet i t ion .  The p ine  basa l  a rea mode l  was
refit by using absolute HBA rather than percent HBA. The
resulting equation accounted for only 1.5 percent less of
the variation in observed pine basal area than the model
with percent HBA. Dominant height, survival, individual tree
height, and volume were predicted by using the functions
deve loped by  Borders  and o thers  (1990) .

Loblolly pine yield at age 25 years was simulated using 0,
5, IO,  15, 20, and 25 ftVacre  of HBA in stands with site
index (base age 25) values of 50 to 80 feet, in 5-foot
inc rements ,  and  p lan t ing  dens i t ies  o f  500-900 t rees /acre ,
in  inc rements  o f  100  t rees /ac re .  The  re la t ionsh ip  be tween
loblolly pine yield and hardwood basal area was linear for
all combinations of site index and planting density, so
s imp le  l inear  regress ion  mode ls  were  deve loped fo r  each
level of site index and planting density:

Y = b,-b,HBA PI

where Y = loblolly pine yield (tons/acre) at age 25 and HBA
= hardwood basal area (ftVacre).  Inspection of the inter-
cepts (b,) and slopes (b,) for all 30 combinations of site
index and p lant ing  dens i ty  ind ica ted a  l inear  re la t ionsh ip
with site index but no relationship with planting density.

The final step is to project the economic threshold level of
hardwood competition at rotation age (25 years) to an age
when a release treatment would be applied. In this ex-
ample, release treatments were applied at age 3 years. As
prev ious ly  ment ioned,  long- te rm data  on  hardwood basa l
area growth in loblolly pine plantations is very limited. The
one no tab le  excep t ion  invo lves  a  we l l -documented  s i te
preparation study in the upper Coastal Plain of Alabama
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Figure l-Relationship between loblolly pine yield and hardwood basal area at age 25 for site index between 50 and 80. The
dashed lines represent the economic threshold level of hardwood basal area for interest rates between 4 and 8 percent.
Additional inputs: pine stumpage  value = $30/tori  and hardwood control treatment cost = $6O/acre.
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Figure Z-Economic threshold level of hardwood basal area at hardwood control treatment age 3 years for interest rates
between 4 and 8 percent. Additional inputs: pine stumpage value =  $30/tori  and hardwood control treatment cost = $60/acre.

(Glover and Zutter 1993). This study included 5 replications
of an untreated check plus chemical (injection and two
methods  o f  cu t -su r face  t rea tment ) ,  mechan ica l  (bu l ldozer
scar i f i ca t ion) ,  and  manua l  (g i rd l ing)  t rea tments .  Surv iv ing
hardwoods and resprouts  deve loped a long w i th  the
planted loblolly pine for 27 years after treatment.

Fifty observations of average HBA for each of the six site
preparation treatments at ages l-4, 6, 11, 13,  22, and 24
years were used in the analyses. Data for age 27 were
exc luded f rom the  regress ions  because hardwood basa l
a rea  growth  was negat ive  be tween ages  24  and 27  years
for several treatments, and a more complex equation would
be required to describe this downward trend. In addition,
hardwood data were not available for one of the cut-surface
treatments at plantation ages 11 and 13 years. Observed
HBA-age pairs for each treatment were arranged into 45
non-overlapping growth intervals (e.g., ages 1-2, 2-3, 3-4,
4-6, 6-11,  etc.). Graphs of these data suggested several
potential equations for describing the observed patterns of
HBA growth. Tests for differences in the growth rates
among s i te  p repara t ion  t rea tments  were  a lso  conduc ted  by
incorporating indicator variables into the equation that best
fit the observed data.

S ta t i s t i ca l  d i f fe rences  in  hardwood g rowth  ra tes  were
de tec ted  among the  s i te  p repara t ion  t rea tments .  Average
growth rate for the herbicide treatments (injection only,
g i rd le+herb ic ide,  and cha in  f r i l l+herb ic ide)  was s lower  than
for the non-herbicide treatments (no treatment, girdle only,
and bulldozer scarification). However, this difference was
not of practical importance because the equation with
treatment-specific growth rates accounted for only 0.3%
more of the variation in projected HBA than the reduced
model. A single equation can be used to predict hardwood
basal area (HBA,) at any plantation age (X) using current
hardwood basa l  area (HBA)  and cur rent  age (Age) :

HBA, = HBA  exp(O.O395’(X-Age)}. 131

This equation accounted for 98% of the variation in pro-
jected HBA. In this example, the economic threshold level
of hardwood basal at a rotation age of 25 years is projected
to a hardwood-control treatment age of 3 years by multiply-
ing HBA at rotation age by 0.4194. This implies that about
42 percent of the HBA at 25year-old  stands is present in 3-
year -o ld  s tands ,  when re lease t rea tments  a re  app l ied .

Sensit ivity Analyses
The sensitivity analysis was conducted for two reasons.
The first is to examine predictions at extreme values of
input  var iab les  to  de termine whether  the  mode l  and
assumpt ions  a re  reasonab le .  The  second  reason  i s  to
assess  the  re la t i ve  impor tance  o f  b io log ica l  and  economic
fac to rs  used  in  de te rmin ing  economic  th resho lds .  Eco-
nomic factors included in the sensitivity analyses were
interest rates of 4 to 8 percent; pine stumpage  values of
$25/tori  to $35/tori;  and hardwood treatment costs of $501
acre to $90/acre.  The relative importance of the biological
and economic factors was examined by varying one factor
wh i le  ho ld ing  the  remain ing  fac to rs  cons tan t .  The  more
influential factors result in greater variations in the eco-
nomic threshold level of HBA than the less important
factors.

RESULTS
L inear  re la t ionsh ips  were  observed be tween the  in te rcepts
(b,) and slopes (b,) of the yield equation in [2]  and site
index for all combinations of site index and planting density.
Therefore, loblolly pine yield at age 25 in [2]  can be general-
ized as:

Y = [-103.0979+(3.4325  Sl)]-[0.3709-(0.0155  Sl)]xHBA [41

where SI = site index (base age 25) and other terms as
prev ious ly  de f ined.  Vo lume ga ined fo l low ing  compet i t ion
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Figure 3-Economic threshold level of hardwood basal area at hardwood control treatment age 3 years for pine stumpage
values between $25/tori  and $35/tori.  Additional inputs: interest rate=6 percent and hardwood control treatment cost=$60/
acre.

control (VG) is the difference in yield for stands without
hardwoods (HBA = 0 )  and  s tands  w i th  hardwoods .  Com-
bining [2] and [4],  VG is:

VG = [b,-b,(O)]-[b,-b,(HBA)]
= [b,-b,]+b,(HBA)
= b,(HBA)
= [-0.3709+(0.0155xSl)]xHBA

PI

Note that the sign of b, changes from negative in [4] to
positive in [5], which changes the sign of the component
coe f f i c ien ts .  When response  to  hardwood con t ro l  i s
expressed as b,HBA,  the economic threshold level of *
hardwood basal area (HBA,,) for a X-year  rotation (r = 25)
and hardwood control treatment at age 3 (t = 3) can be
computed by solving [I] for HBA as follows:

Site
Index
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10 55
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8 65
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Interest Rate (Percent)
Figure 4-Economic threshold level of hardwood basal area at hardwood control treatment age 3
years for hardwood treatment costs between $4O/acre  and $80/acre.  Additional inputs: interest rate=6
percent and pine stumpage  value=$30/ton.
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HBA,, =
TCx(l+i)2’

svx[-0.3709+(0.0155xs1)]
Fl

where i = interest rate, SV = pine stumpage  value ($/ton),
TC = hardwood treatment cost ($/acre), and r-t = 22 years.
The economic  th resho ld  leve l  o f  hardwood basa l  a t  ro ta t ion
age is projected to a hardwood-control treatment age of 3
years by multiplying HBA at rotation age by 0.4194.
The effect of varying interest rate on economic threshold
level of hardwood basal area at age 25 is shown in figure 1
for fixed pine stumpage  value and hardwood treatment
cost. As expected, yield increases with increasing site
index  and  decreases  w i th  inc reas ing  HBA.  When in te res t
rate = 6 percent, site index = 65, pine stumpage  value =
$30/tori,  and treatment cost = $60/acre,  for example, the
economic  th resho ld  hardwood basa l  a rea  is  about  11 .5  ft*/
acre and expected yield is about 112 tons/acre. The
difference in yield between interest rates is not equal, and
is larger at lower site index than higher. This implies an
interaction between interest rate and site index.

Multiplying HBA at rotation age by 0.4194 provides an
estimate of HBA at age 3, which is when hardwood control
t rea tments  wou ld  be  p rescr ibed  ( f igu re  2 ) .  Us ing  the
prev ious  example ,  the  economic  th resho ld  hardwood basa l
area is about 4.7 ftYacre  at age 3. This is interpreted as the
min imum amount  o f  ha rdwood  compet i t i on  tha t  mus t  be
present for a $60/acre  release treatment to be financially
a t t rac t i ve  under  t hose  c i r cums tances .

The effect of varying pine stumpage  value on economic
threshold level of hardwood basal area at age 3 is shown
in figure 3 for fixed interest rate and hardwood treatment
cost. In this case, the economic threshold level of hard-
wood basa l  a rea  decreases  w i th  inc reas ing  p ine  s tump-
age value and site index. For example, when pine stump-
age value = $30lton,  site index = 65, interest = 6 percent,
and treatment cost = $60/acre,  the economic threshold
hardwood basal area is about 4.7 ft*/acre.  The difference in
economic thresholds across pine stumpage  values is
nearly linear, and the difference is larger at lower site index
than at higher site index.

The effect of varying hardwood treatment cost on economic
thresho ld  leve l  o f  hardwood basa l ‘a rea  a t  age 3  is  shown
in figure 4 for fixed interest rate and pine stumpage  value.
As with interest rates, the economic threshold level of
hardwood basa l  a rea  increases  w i th  inc reas ing  t rea tment
cost and decreasing site index. When treatment cost = $60/
acre, site index = 65, interest = 6 percent, and pine stump-
age value = $30lton,  the economic threshold hardwood
basal area is about 4.7 ft*/acre.  The difference in economic
th resho lds  ac ross  ha rdwood  t rea tmen t  cos ts  i s  near l y
linear, and the difference is larger at lower site index than at
higher site index.

DISCUSSION AND SUMMARY
The  concep t  o f  economic  th resho lds  was  app l ied  to
hardwood compet i t ion  in  lob lo l l y  p ine  p lan ta t ions ,  and
procedures  were  deve loped fo r  es t imat ing  th resho ld  leve ls
of hardwood basal area. The sensitivity analysis of biologi-

cal and economic factors affecting the threshold level of
hardwood basal area indicated that. both interest rate and
site index were more influential factors than stumpage
value and treatment cost.

Interest rate has the greatest influence on economic
thresholds, especially on poor sites. A 1 percent increase
in interest rate increases, threshold by l-2 ft2/acre  on good
sites and by 5 ft*/acre  on poor sites. A $5/acre  increase in
t rea tment  cos t  inc reases  economic  th resho ld  leve l  o f
hardwood basal area by 0.50 ft2/acre  on good sites and by
0.75 ft*/acre  on poor sites. Increasing loblolfy  pine stump-
age value decreases threshold by 0.5 ft2/acre  on good sites
and by 1 .O ft2/acre  on poor sites.Growth  models used to
s imu la te  hardwood compet i t i on  may  have  p ro found  e f fec ts
on the biological and economic interpretations. The pattern
o f  negat ive  exponent ia l  response o f  p ines  to  hardwood
compet i t ion  imp l ies  tha t  low leve ls  o f  hardwood basa l  a rea
would produce a greater proportional reduction in pine yield
than at higher levels of hardwood competition. Thus, the
Burkhar t  and Spr inz  (1984)  model  may be more appropr i -
ate at low levels of hardwood basal area while the Knowe
(1992) model may be more appropriate at the higher levels
o f  hardwood compet i t ion .  Add i t iona l  cons idera t ions  a re  the
p ine :hardwood rep lacement  ra t io  and hardwood dynamics .
A more comprehensive pine release dataset,  with hard-
wood in fo rmat ion ,  i s  needed to  re f ine  the  economic
threshold method presented in this study.
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EMPIRICAL ALLOMETRIC  MODELS TO ESTIMATE TOTAL
NEEDLE BIOMASS FOR LOBLOLLY PINE

Hector M. De 10s Santos-Posadas and Bruce E. Borders’

Abstract-Empirical geometric models based on the cone surface formula were adapted
and used to estimate total dry needle biomass (TNB) and live branch basal area (LBBA). The
results suggest that the empirical geometric equations produced good fit and stable
parameters while estimating TNB and LBBA. The data used include trees form a spacing
study of 12 years old and a set of fully measured trees on the coastal plain of North and
South Carolina of ages 10 to 25.

INTRODUCTION
One of the most important factors contributing to the devel-
opment of a stand is the amount of leaf biomass. Although its
contribution to total tree biomass is only 4 to 6 percent, leaf
biomass is responsible for most of the transpiration-respira-
tion processes and total carbon uptake in the tree (Zhang,
1997). Leaf biomass has proven to be very sensitive to
climatic patterns and silvicultural treatments, thus quantifica-
tion of leaf biomass may be important for explaining produc-
tivity of forest stands.

Accurate estimation of leaf biomass may not only improve
estimation of the potential growth rate but can be used to
characterize other stand conditions. For example leaf area is
useful as an index of productivity and vigor that explains a
potential source of variability in stand response to silvicultural
treatments. O’Hara  (1989) states that thinned stands have
higher transpiration/respiration rates and require greater
sapwood  area to supply a given amount of leaf biomass. In
this case, the reduction in the number of trees makes more
water and nutrients available producing more conductive
tissue that remains healthy for more time. This is also true for
s tands  g row ing  on  good  qua l i t y  s i tes .

Leaf  b iomass and lea f  a rea  may become an impor tan t
input to a new generation of growth and yield models that
are more site specific than today’s models. It is anticipated
that since leaf biomass is sensitive to environmental and
silvicultural factors, models that use it to project growth will
also be more sensitive to these factors. The most wide
spread approach for  es t imat ing  lea f  a rea and need le
b iomass  i s  based  on  a l lomet r i c  re la t ionsh ips .  The  bas ic
a l lomet r i c  re la t ionsh ip  be tween lea f  b iomass  and  s tem
size (diameter or stem area) is based on the pipe model
theory proposed by Shinozaki and others(l964). Based on
this work, Waring and others(l981) suggested that the
amount of foliage is proportional to the amount of conduc-
tive tissue present on the stem, which for conifers is the
sapwood.  In geometric terms leaf biomass should be
related not only to the transversal area but the geometry of
the  c rown.

Several of these studies show that, in general, these
allometric relationships are not completely linear or are only
linear for a given age class. Most of the equations developed
to estimate biomass are linear in logarithmic units or intrinsi-
cally non-linear. Baldwin (1989) presented equations to
compare the fit of leaf biomass from DBH and the sapwood
area (cm2)  at breast height and live crown height, finding that
DBH was the best independent variable to estimate needle
and branch biomass for loblolly pine. Long and Smith (1988)
and Long and Smith (1989) developed non-linear models for
Pinus  contoria  and Abies lasiocarpa  that include crown size
observations, making the equations more tree specific and
sensitive to stand density. McCrady  and Jokela (1998) used
the pipe model theory and assume that leaf biomass is
proportional to total tree volume suggesting that the amount
of leaf area/leaf biomass is strongly related with the geom-
etry of the tree biomass.

The main objective of this study is to develop site/tree
specific allometric needle biomass prediction equations such
that the total tree dry needle biomass (TNB) prediction
equations are sensitive to stand density and stand structure.
The new models should improve leaf area estimation and
provide a means of differentiating total stand biomass growth
for stands that have similar size stem dimensions but
different amounts of leaf biomass.

MATERIALS AND METHODS
The research was conducted in a loblolly pine spacing
study established at the B.F  Grant Memorial Forest near
Eatonton, Georgia (Pienaar and others, 1997). The study
was planted with genetically improved seedlings in March
1983 at a 6 by 6 ft spacing (1.81 by 1.81 m). In July 1983, 24
one fifth-acre treatment plots each with a one-tenth acre
interior measurement plot (0.08 ha) were installed with
planting densities of 100, 200, 400 600, 800 and 1000
trees per acre (247, 494, 988, 1483, 1977 and 2471 tress
per hectare, respectively). The experimental plots were
comp le te ly  randomized  w i th  fou r  rep l i ca t ions  o f  each
density. The study is located on an old agricultural field
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Calculated Total Needle Biomass and Live Branch Basal Area for the B.F.
Grant Spacing study
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Figure l-  Total Dry Needle Biomass (TNB) vs Live Branch Basal Area (LBBA) for the B. F. Grant spacing study.

Observed Total Needle Biomass and Live Branch Basal Area for 28 tree form
the Coastal plain of South and North Carolina (Brister database)
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Figure 2-  Total Dry Needle Biomass (TNB) vs Live Branch Basal Area (LBBA) for the Brister database on the Coastal plain of North and South
C a r o l i n a .
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which had been previously planted with soybeans. Herbi-
cide was first applied in May 1984 and in 1985, wildlings of
both loblolly pine and sweetgum  (Liquidambar styraciflua)
were mechanically removed in 1985. As a result all the
p lo ts  have been growing  essent ia l l y  f ree  o f  compet ing
vegetation throughout the life of the study.

In July 1997 felled trees from the first thinning of the B. F.
Grant spacing study were sampled to produce needle
biomass estimators. Trees from all plots, except the 247
trees/ha plots, were cut to reach a residual target number of
trees. The thinning was primarily from below, however good
spatial distribution of residual stems was also a criterion for
tree selection. Forty-three trees were selected and sampled
using the methodology described by Xu (1997) to develop a
two-level allometric estimation procedure: equations based
on branch measurements were used to estimate dry needle
branch biomass and in turn other equations were used to
estimate total tree dry needle biomass. Sample trees came
from four crown classes: dominant (12),  co-dominant (21),
intermediate (8) and suppressed (2). The selected trees
were free of deformities and fusiform rust.

The variables measured for each tree include diameter at
breast height (D) in cm, total height from the stump in m,
stump height in m, and live crown height in m. The crown
also was carefully measured and divided in five equal length
sections along the stem. One branch was randomly taken in
each section and the parts of the branch with foliage were
collected, identified for tree and section number and bagged
for further laboratory analysis. For each sample, branch
length (m) and basal branch diameter (mm), at approxi-
mately 20 mm from the base of the branch, were obtained
with a measuring tape and a digital caliper, respectively. The
branch height (BH) and basal branch diameter (BBD) for
every live branch was also recorded.

In the laboratory, the foliage of each sample branch was
separated from the branch fragment, identified, and dried at
70” C until reaching a constant weight. The needle weight
was then measured with a balance to the nearest gram. An
additional database from a similar study on loblolly pine was
provided by Professor Graham H. Brister and used to test
the models by estimate LBBA and TNB per tree.

CH BASAL AREA
In an attempt to increase the precision of estimation for
total dry needle biomass for the entire tree the relationship
between the total dry needle biomass (TNB) and the total live
branch basal area in mm2  (LBBA) was analyzed. Graphical
analysis shows (figure t ) that this relationship is very
strongly linear and stable for the trees in this study. This
behavior is logical since branch needle biomass was
estimated with a linear equation that uses the branch
diameter squared (De 10s  Santos, 1998). To verify this
relationship a database generated by Brister in 1977 for 28
loblolly pine trees was used (figure 2). All trees in this
database were located in the coastal plain of North and
South  Caro l ina  and to ta l  need le  b iomass was obta ined by
remov ing and weigh ing a l l  need les  in  each branch.  C lear ly
the relationship between LBBA  and the observed TNB is
very similar to the relationship observed for the 43 trees in

the B. F. Grant spacing study. A similar relationship was
found by Whitehead (1990) in Pinus  radial’s  for branch basal
area and leaf area clustered on “branch complexes” but was
never aggregated to estimate the total leaf area per tree.
This relationship seems less appropriate for shade intolerant
trees growing at wide spacing and/or old stands that have
changed the excurrent growing pattern from the young-
middle ages to a more sympodic pattern. In these old age
trees the crown expands more longitudinally than vertically,
the branches become more massive and ultimately accumu-
la te  hear twood.

Regress ion  ana lys is  ( tab le  1 )  w i th  bo th  da tabases  shows
a strong and stable correlation between these two charac-
teristics. The slope of the regression line can be inter-
p re ted  as  the  amount  o f  need le  b iomass  sus ta ined by
each unit of conductive tissue surface area attached to the
stem. The differences in the slope can be attributed in part
to  the  p rocess  o f  a l l omet r i c  es t ima t ion  ve rsus  measured
biomass and by differences in site quality and manage-
ment at each site. Trees in the B. F. Grant spacing study
sustain more needle biomass than the sites in the coastal
plain which is most likely due not only to differences in
nutrient availability but to the amount and types of compet-
ing vegetation.

GEOMETRIC MODELS
Since LBBA and TNB are linearly and highly correlated it
may be useful to focus on prediction of LBBA using geomet-
ric based models. Thus the hypothesis is that LBBA should
be proportional to the stem surface area occupied by live
c rown.  The  ma in  assumpt ion  i s  tha t  the  es t ima t ion  based
on tree characteristics will be more precise for LBBA than
for the TNB.

The basic form for the cone surface was modified to be used
as empirical models. Since the diameter at the base of the
live crown was not obtained, diameter at breast height (D)
and crown length (L) are used in these model forms. The
constant p was replaced by a scale parameter in the
formulations. These structures were motivated by the
description that Steill  (1964) cited by Seymour and Smith,
(1987) used for crown volume for Pinus  resinosa. He found a
very good correlation between foliage weight and crown
volume estimated with a paraboloid formula.
The models derived are:

Cone fo rmu la t ion  1

(1)

C o n e  f o r m u l a t i o n  2

Where:

a, b, c and d are the parameters to be estimated,
B = LBBA or  some o ther  b iomass  c rown component  as
needle biomass, all else is as defined above.



Table l-Analysis of Variance for Total dry needle biomass (TNB) vs Live Branch Basal Area
(LBBA) vs. for B.F. Grant spacing study data and North and South Carolina coastal plain
(Brister Data) TNB, = cx  + p  (LBBA,)+  e,

B.F. Grant Database

Source df

Regress ion 1
Res idua l 4 0
To ta l 4 1

Analysis of Variance
SSE MSE

691369020.8 691369020.8
9067698.453 226692.4613
700436719.3

F Value

3049.81

Prob > F

.0000001

R-square  = 0 .98705

Coefficients Standard
Error t stat P-value

In te rcept 120.8546 139.7541 0.8647 0.392324
Slope 0.4638 0.0084 55.2251 0.00001

Brister Database

Analysis of Variance
Source df SSE MSE F Value Prob > F

Regress ion 1 5 4 4 4 5 2 7 1 2 544452712 497.139 .0000001
Res idua l 2 4 26284127.89 1095171.995

To ta l 2 5 570736839.8

R-square  = 0.95394

Coefficients Standard
Error t stat P-value

In te rcept -436.412 382.2230 -1.14177 0.264812
SloDe 0.391966 0.01758 22.2966 .0000001

4 3 4



Table 2- Fit statistics and parameter estimates for cone formulation 1 on the B.F. Grant
spacing study data

TNB
LBBA

D F D F
Model Error S S E M S E Root M.% R-square

3 4 0 8 3 4 8 208.6878 14.44603 0.9278
3 4 0 35465 886.6308 29.77635 0.9304

Parameter E s t i m a t e Standard Aprox T Aprox
Error ra t io Prob > ITI

TNB
z

15.73783 4.52413 3.48 0.0012
3.456465 0.32257 10.72 0.0001

c 4.219977 0.3263 12.93 0.0001

LBBA
;

30.31826 8.39138 3.61 0.0008
3.61632 0.29436 12.29 0.0001

C 4.230212 0.33276 12.71 0.0001

Table 3- Fit statistics and parameter estimates for cone formulation 2 on the B.F. Grant spacing
study data

D F D F
Model Error S S E MSE Root  MSE R-square

TNB 3 4 0 8441 211.0289 14.52683 0.927
LBBA 3 4 0 3 5 9 0 8 897.6995 29.96163 0.9295

Parameter E s t i m a t e Standard
Error

Aprox T
ratio

A prox
Prob r ITI

TNB
;

12.82514 4.35711 2.94 0.0054
2.450571 0.09015 9.47 0.0001

c 0.854042 0.24696 9.92 0.0001

LBBA
;

23.91818 7.70821 3 . 1 0 .0035
2.278922 0.08229 1 1 0.0001

c 0.905521 0.23598 9.66 0.0001

4 3 5



Table 4-  Fit statistics and parameter estimates for cone formulation 1 on the Brister Data
for the coastal plain of North and South Carolina

D F D F
Model Error S S E M S E Root  MSE R-square

TNB 3 2 5 62661312 2506453 1583 .2 0.8989
LBBA 3 2 5 2.61 E+08 10431197 3229 .7 0.9307

Parameter E s t i m a t e Standard
Error

Aprox T
ratio

Aprox
Prob > ITI

TNB a 6 0 . 9 2 4 2 3 21.79016 2 . 8 0.0098
b 2.4915 0.36447 6.84 0.0001
C 2.238613 0.49897 4.49 0.0001

LBBA a 2 5 3 . 6 3 9 5 66.22154 3.83 0.0008
b 1.989328 0.29422 6.76 0.0001
C 1.942278 0.31365 6.19 0.0001

As density changes it seems logical that tree crown volume
changes, adapting its form to the conditions of stand density
and competition. Cone formulation 1 above implies that the
cone is modified not only by the scale parameter but by
changing the form of the arc defined by (D/4)b+  L”.  In cone
formulation 2 parameter d  generalizes the form of the
relationship onto a more flexible structure.

The  geomet r i c  fo rmu la t ions  were  used  to  es t ima te  bo th
LBBA and TNB with good results (table 2 and 3) on the
spacing study trees. For both formulations the parameters
are stable with an acceptable fit. As hypothesized the r-
square for LBBA is higher than for the TNB. To correct for

effect of heteroscedasticity the following weight function
was  used

1
( 3 )  w=-

D2L
MODEL TEST FOR GEOiVlETRlC  MODELS
To test the previous equations 28 trees measured by
Brister were fitted with geometric equations to predict TNB
and LBBA (table 3 and 4). It is also interesting to notice that
estimation of LBBA is better than for TNB as foreseen for
this kind of data (total foliage sampled per tree). Note
however that the cone formulations show stability on the
parameters for both TNB and LBBA fit. In this case no effect

Table 5- Fit statistics and parameter estimates for cone formulation 2 on the Brister Data
for the coastal plain of North and South Carolina

D F
Model

D F
Error S S E M S E Root  MSE R-square

TNB 3 2 5 6 2 4 7 1 7 7 0 2498871 1580 .8 0.8992
LBBA 3 2 5 2.61 E+08 10430419 3229 .6 0.9307

Parameter E s t i m a t e Standard
Error

Aprox T
ratio

Aprox
Prob > ITI

TNB a 5 5 . 9 9 0 5 6 22.82834 2.45 0.0215
b 1.708317 0.09752 6.48 0.0001
C 0.632363 0.41849 4.08 0.0004

LBBA a 255.5783 78.06633 3.27 0.0031
b 1 . 9 5 7 6 9 9 0.07653 6.48 0.0001

C 0.495678 0.32397 6.04 0.0001

4 3 6



of heteroscedastisity is shown in the residual analysis, so
the estimates of the model are the regular least squares.

Theoretically the models generated shall produce similar
results on the same data range. However validation is
needed to better qualify the model behavior at more opera-
tive levels using a wider more realistic range of variability.

CONCLUSIONS
The inherent hypothesis of the geometric models suggest
that a better knowledge of the surface stem geometry at the
crown level may produce better estimates of the TNB, crown
biomass and LBBA at tree and stand level. The models
generated show stability on their parameters and a predictive
ability among the best for loblolly pine at the tree level.
These structures should produce reliable and more site
specific estimates of photosynthetic tissue.
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A MODEL DESCRIBING GROWTH AND
DEVELOPMENT OF LONGLEAF  PINE PLANTATIONS:

CONSEQUENCES OF OBSERVED STAND
STRUCTURES ON STRUCTURE OF THE MODEL

J.C.G. Goelz and Daniel J.  Leduc’

Abstract-As longleaf  pine (Pinus palustris Mill.) may currently represent as little as 1/30th
of its former acreage, restoration within its former range in the southern coastal plain is
active. Although the focus of these new plantings is aimed at ecosystem restoration,
knowledge of the growth and development of longleaf  plantations is essential to allow land
managers to evaluate different management options. Stand development in longleaf
plantations differs from development of plantations of other southern pines. Longleaf
seedlings exist in a grass-stage for a varying period, and longleaf  saplings and poles can
often exist in an intermediate or suppressed crown class for long periods. Other southern
pines do not exhibit this behavior. The consequence of these characteristics is that smooth,
unimodal diameter distributions are inappropriate for characterizing longleaf  pine stands. We
will use alternative methods to describe the diameter distributions of longleaf  pine. Depend-
ing upon viewpoint, the proposed model structure could be called a nonparametric diameter
distribution model, or a diameter class model where a uniform distribution is not employed
within a class. The model can also be implemented as an individual tree model, if the user
desires. A neural net approach has proved promising for initially allocating trees to diameter
classes for unthinned stands. A whole-stand basal area prediction equation ensures
consistency between these components.

INTRODUCTION
Longleaf  pine stands were once a major component of the
southern coastal plain from North Carolina to Texas.
Currently, longleaf  pine may represent as little as 1/30th  of
its acreage in pre-colonial times (Franklin 1997). An
aggress ive  p lan t ing  program has deve loped to  res tore  the
longleaf  ecosystem within its former range. Although the
focus of that work is aimed at ecosystem restoration,
knowledge about the growth and development of longleaf
plantations is essential for sound management. Longleaf
i s  we l l - su i ted  fo r  lower - in tens i t y  management ,  pa r t i cu la r l y
longer rotation ages. Also, longleaf  pine is less susceptible
to  mos t  insec t  and  d isease  p rob lems than  o ther  sou thern
p ines (Boyer  1990) .

Longleaf  pine provides higher-value products, such as
poles  and p i l ings ,  more f requent ly  than the more-abundant
loblolly pine (Pinus  taeda L.), and also has a higher
specific gravity. Finally, longleaf  pine is desirable because a
forest of large, old, widely-spaced trees with a grassy
understory is “parklike” and visually attractive to visitors.

Many of the older (30 years or older) plantations of longleaf
pine arose in a restoration context that is different than the
current situation. Often, longleaf  plantations were estab-
lished in cutover areas that had been repeatedly grazed
and burned. The current context of restoration is afforesting
agricultural fields or converting cutover stands formerly
dominated by  lob lo l l y  p ine  or  mixed p ine and hardwoods.

The silvics of longleaf  pine distinguish it from other species
in the U.S. (Boyer 1990). Three characteristics affect the
stand structure of longleaf  stands, and hence the structure
of a model to describe longleaf  plantations. First, longleaf
seedlings exist in a “grass stage” for a varying period. The
grass stage is a condition where the terminal bud is at or
near ground level, and the needles appear similar to a
bunchgrass .  A l though cur ren t  management  p rac t i ces  can
often achieve active height growth of most seedlings in the
second growing  season,  ind iv idua l  seed l ings  may res ide
in the grass stage for five or more years. Second, although
longleaf  is an intolerant species, saplings and poles can
often exist in an intermediate or suppressed crown class
for long periods. Other southern pines do not exhibit this
behav ior .  Suppressed t rees  rare ly  respond to  re lease,
although trees with live crown ratios of 30 percent or more
in the intermediate crown class do respond (Boyer 1990).
Third, prescribed fire is an intrinsic part of longleaf  pine
management, although current practices restrict fire from
plantations of other pine species. Interval between fires is
often between 2 and 5 years. Prescribed fire ensures that
mortality, though rare, will occur throughout the life of a
stand, and will restrict ingrowth  of volunteer hardwoods and
loblolly pine.

There has been little growth and yield modeling done for
plantation-grown longleaf  pine. A relatively recent model for
natural longleaf  stands has been provided by Somers and
Farrar (1991). The only existing model for plantation-grown
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Diameter at Breast Height (inches)

Figure 1-A theoretical diameter distribution represented as a
mixture of four populations defined by length of time in the
grass stage. The dotted lines represent the four populations,
and the solid line is the mixture of these four populations. The
proportion of the total is 0.1, 0.2, 0.3, and 0.4 for the four
distributions proceeding from the distribution with the smallest
mean to the distribution with the largest meanfor  natural
longleaf  stands has been provided by Somers and Farrar
(1991). The only existing model for plantation-grown longleaf  is
restricted to unthinned stands (Lohrey and Bailey 1977).
Lohrey and Bailey’s work is based on a part of the data
available to us; most of those plots have been measured
several additional times.

longleaf  is restricted to unthinned stands (Lohrey and
Bailey 1977). Lohrey and Bailey’s work is based on a part
of the data available to us; most of those plots have been
measured  severa l  add i t iona l  t imes .

A Theoretical Example
As individual seedlings reside in the grass stage for
differing lengths of time, a diameter distribution for longleaf
pine can be considered to be a mixture of distributions. The
theoretical example in figure 1 suggests a mixture of four
distributions: 40 percent of the trees resided in the grass
stage for one year, 30 percent for two years, 20 percent for
three or four years, and IO percent for more than four years.
Although the diameter distribution for each cohort is
smooth, the pooled diameter distribution for the stand is
not unimodal. Most commonly-used diameter distribution
functions do poorly for stands that have a long, or heavy,
left-hand tail, and are incapable of describing multimodality.

A Brief Primer on Alternative Model Structure
Growth and yield models are typically classified into
conven ien t  d i sc re te  c lasses .  A l though  such  s imp l i s t i c
po lycho tomies  ignore  func t iona l  s im i la r i t i es  among
models (see Goelz [in press] for a novel synthesis of
mode l ing  s t ruc tu res ) ,  we  w i l l  descr ibe  mode l  fo rms as
discrete entities in this brief listing. One distinction is

whether growth of individual trees is projected, and whole
stand growth is defined by the aggregation of the individual
t rees ,  o r  whether  who le -s tand  var iab les  a re  d i rec t l y
predicted. When whole stand variables are predicted, the
mode l  m igh t  d i saggrega te  who le  s tand  g rowth  in to  a
d iameter  d is t r ibu t ion .  In te rmed ia te  among these  a re  the
size class models that project the growth of trees from one
size class to another (typically 1 or 2 inch wide dbh
c lasses) .  Po ten t ia l l y ,  the re  a re  in te rmed ia te  s t ruc tu res
between these classes (Goelz [in press]).

OUR APPROACH TO MODEL STRUCTURE
We believe that model structure should be determined by
the needs of the eventual users of the model, the idiosyn-
cracies  of the biology of the system to be modeled, and the
data available for estimation of the model. For example, if
all trees were of uniform value per unit volume, a whole
stand type model would be appropriate. On the other hand,
if value of the trees varied with species, size, and tree grade
(and if these variables were not highly correlated), then an
ind iv idua l  t ree  mode l  m igh t  be  sugges ted .  I f  d iameter
tends to exhibit relatively smooth unimodal distributions, a
d iameter  d is t r ibu t ion  mode l  m igh t  be  sugges ted ;  i f  d iam-
eter distributions tend to be irregular or multimodal, use of
a  paramet r ic  d is t r ibu t ion  func t ion  may be inappropr ia te .

Our Data
Our data are described in Goelz and Leduc [in press]. Over
250 plots are scattered from Texas to Alabama and each
records over 20 years of stand dynamics. While technically
ar is ing  fo l low ing  c learcu t t ing  na tura l  s tands ,  the  areas
were often repeatedly burned and grazed for many years
before the plantations were planted. Thus, previous use for
many of our plots was open-range grazing rather than
forest or cropland. The oldest plantations in our database
were last measured at age 65.

Example Diameter Distributions from our Data
We provide several diameter distributions from our plots in
figure 2. The plots vary considerably. Some resemble the
c lass ica l  un imoda l  d iameter  d is t r ibu t ions  fo r  even-aged
stands (e.g. plot A). Others are very irregular, often being bi-
or multi-modal (e.g. plot C, age 65). A distinct grass stage,
or the vestige of trees that lingered in the grass stage, is
evident in some of the graphs (e.g. plots B, C, D). In some
cases,  th inn ing  encouraged b imoda l i t y  as  th inn ing  was
from below, but only merchantable (greater than 4 in. dbh)
trees were removed. In other cases, thinning removed a
long left-hand tail or subsidiary mode of the distribution.
These  example  d iameter  d is t r ibu t ions  sugges t  tha t
diameter distributions for longleaf  plantations take various
shapes, many of which do not comply with standard
parametric distributions, and thus we will not use standard
parametric distributions in our model for longleaf  pine.

A Tentative Model Structure
The objectives for our model structure are to: (1) allow for
var ied  d iameter  d is t r ibu t ions ,  and  po ten t ia l l y  ma in ta in
those structures; (2) allow stand structure, rather than
s imp ly  who le -s tand  var iab les ,  to  in f luence  g rowth  p ro jec -
tions: (3) allow relatively simple implementation (at least to
the user); (4) allow the model to be invoked as an individual
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t ree  mode l ,  d iameter  d is t r ibu t ion  mode l ,  o r  d iameter  c lass
model to facilitate use by different clientele; (5) be appli-
cable to inventory data tallied by diameter classes; (6)
make  ex t rapo la t ions  reasonab le  by  be ing  cond i t i oned  by  a
who le-s tand basa l  a rea pred ic t ion  equat ion ;  (7 )  be  t rac-
tab le  fo r  inves t iga t ing  op t ima l  s tand  management .  Regard-
ing the use in extrapolation, although our oldest data are
from 65 year old plantations, rotation age for longleaf  may
be as long as 150 years for some managers. To achieve
these objectives, we suggest the following structure:

(1) Initially allocate trees into fixed-width diameter
c l a s s e s .

(2) Generate a diameter distribution that is a
quadra t i c  po lynomia l  w i th in  a  d iameter  c lass ,
but is discontinuous at the limits of each
d iamete r  c lass .  Thus  the  d iamete r  d i s t r i bu t ion
consists of a number of pieces.

(3) Adjust number of trees in each class using an
individual tree mortality function.

(4) Adjust/recalculate the parameters of the
quadratic polynomial to reflect the effects of
mortality.

(5) Use an individual tree diameter growth
equation to project the limits of the now varying-
w id th  d iamete r  c lasses .

(6) Adjust the growth in tree basal area to be
cons is ten t  w i th  a  who le -s tand  basa l  a rea
growth equat ion.

(7) Adjust the parameters of the quadratic polyno
mia l  us ing  a  s imp le  t rans fo rmat ion .

(8) Integrate (using appropriate limits of integra
t ion )  the  w i th in -c lass  d iamete r  d i s t r i bu t ions  to
reconstitute a fixed-width diameter distribution.

These  in tegra ls  a re  s imp le  ana ly t i c  in tegra ls .  The  de f in i te
in tegra ls  w i l l  de f ine  movement  ra t ios  (o r  g rowth- index

0 DISH  C lass 16 0 DBH Class 21

0 DEH Class
9

0 DBH  Class 21

0 DBH Class 9 0 DBH Class 15

Figure 2-Six observed diameter distributions
variability among diameter distribution shapes within the data.
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Figure 3-Example of projecting a diameter class into the
future. The initial within-class distribution is a simple quadratic
polynomial constrained to pass through the midpoints of the
adjacent classes (solid lines) and integrate to the area of the
histogram within the class. After projection (dotted line), the
limits of the diameter class are changed, but the line still
integrates to the same area.

ratios) in a diameter class (or stand table projection) model
context.

Alternatively, the model could be implemented as an
ind iv idua l  t ree  mode l ,  as  the  component  par ts  a re  inc luded
in this model.

Figure 3 describes some of these steps. To avoid
redundancy, we are starting with a diameter distribution  that
already reflects mortality. The quadratic polynomial ( Y = b0
+ b,X +b,X2;  the math is easier if X is set equal to
minus the lower limit of the one-inch diameter class) is
constrained to pass through the midpoint of the previous
and succeeding diameter classes, and to integrate to the
known probability within the diameter class. This is simple
to ensure, as there are three parameters of the quadratic
equation, and there are three pertinent known values, the
proportion of trees in the subject, preceding, and succeed-
ing  d iamete r  c lasses .

If we consider the lower limit of the diameter class to be 0,
and the upper limit to be 1, and thus the midpoint of the
previous diameter class to be -0.5 and the midpoint of the
subsequent diameter class to be 1.5, we have three
equat ions  and th ree  unknowns:
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pi-, = h,  - $ + -“d;
and after projecting future conditions of the limits of the
diameter class (indicated by the additional subscript, 2):

PI

PI

[31

where p,.,  is the proportion of trees in the previous diameter
class, p,,, is the proportion of trees in the succeeding
diameter class, and p, is the proportion of trees in the
diameter class of interest. Equation [3] is the definite
integral of the quadratic polynomial from 0 to 1.  Equation [I]
is obtained by setting Y of the quadratic polynomial equal to
p,.,  and X equal to -0.5, and equation [2]  is obtained by
setting Y equal to p,,, and X equal to 0.5. The parameters of
the equation can be solved analytically to provide:

In the case when the diameter class of interest is bounded
by 0.0, then b,  equals zero and equation [l] is not needed.

In that case, b,  equals 3Pi - Pj+l
2 ’

and  b ,  equa ls

Pi+1 - p, if one-inch-wide diameter classes are em-

ployed.

When future condition of the diameter class is projected,
the limits of the diameter class are predicted with an
individual tree diameter growth equation. As larger trees
grow more than smaller trees, the width of the diameter
class expands. In our example, we used a diameter growth
equation that was constrained to be consistent with whole-
stand basal area growth, however this constraint could be
invoked later. The parameters of the new within-class
d is t r ibu t ion  are  ob ta ined by  a  s imp le  t rans format ion  and
another  so lu t ion  need not  be ca lcu la ted.

For example, if x is a given diameter within a diameter
class with x, as the lower limit and x, as the upper limit,
then the initial distribution might be:

.f(x>=&,  +b,(x-x,)+hZ(x-Xo)2 [71

Equat ion [8]  i s  a  s imp le  t rans fo rmat ion  to  ensure  in tegra-
tion to the same proportion for that diameter class. To
recover a fixed-width diameter distribution, the transformed
equation is integrated from the lower level of the projected
diameter class to the upper level of the previous fixed-width
diameter class (3 inches in the example given in figure 3).
That obtains the trees that remained in the same diameter
class. Then, the number that moved up into the next
diameter class may be obtained by subtraction, or by
integration from the upper limit of the previous fixed-width
class to the upper limit of the variable-width class. The
method is applicable to situations when all trees of a
diameter class move one or two classes, or even when
trees of an initial fixed-width diameter class are projected to
occur in three or more of the fixed-width classes at the end
of the projection period. Although this procedure may seem
somewhat involved, all of the math can be directly calcu-
lated without resorting to numerically solving for the
paramete rs .

Initial Conditions
Although the preceding model structure can project the
growth of stands of varying structure, there is no provision
for initial conditions when the model will be applied to a
“bare ground” starting point. Leduc and others [in press]
has  app l ied  neura l  ne tworks  to  p red ic t ing  d iameter
distributions for longleaf  pine plantations. We will also
apply neural nets to provide the initial diameter distribution
for a stand. This module of the model will be applicable to
ages of 5 to 20 years. Although Leduc and others. applied
neural networks to a much broader range of ages, the
technique is less suited for the projection of future condi-
tions, given some initial conditions, as it would be difficult
to ensure that illogical behavior was avoided (such as
abrupt shifts of diameter distributions within relatively short
time periods). We will condition the neural net predictions
of trees per acre in each diameter class to be consistent
w i th  the  who le-s tand basa l  a rea pred ic t ion  equat ion  tha t
will also be used in projection. Thus, the basal area
prediction equation will link the initial condition and
pro jec t ion  components  o f  the  mode l ,  and  w i l l  p rov ide
c o n s i s t e n c y .

CONCLUSION
This structure secures all of the objectives state
ously while no standard methodology does so. It could be
cons idered to  be  an  in tegra t ion  o f  s tandard  d iameter
d is t r ibu t ion  mode ls  (a l though w i th  a  nonparamet r ic
distribution) and individual tree forest models, as well as
evoca t i ve  o f  “enhancements ”  to  s tandard  s i ze  c lass
mode ls  (e .g .  Cao and Ba ldwin  1999;  Nepa l  and Somers
1992; Pienaar and Harrison 1988),  and the “limitless”
diameter class model of Clutter and Jones (1980). Thus, it
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falls between classically-defined classes of models and
incorporates an intermediate structure as discussed by
Goelz [in press].
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ACCURACY OF EASTERN WHITE PINE SITE
INDEX MODELS DEVELOPED IN THE

SOUTHERN APPALACHIAN MOUNTAINS

W. Henry McNabl

Abstract-Three older, anamorphic eastern white pine (Pinus  sfrobus  L.) site index models
developed in the southern Appalachian Mountains between 1932 and 1962 were evaluated
for accuracy and compared with a newer, polymorphic model developed in 1971. Accura-
cies of the older models were tested with data used in development of the 1971 model, in
which actual site index had been determined by stem analysis. The 1971 model could not be
evaluated for accuracy because independent data were unavailable. Evaluation statistics
included prediction accuracy, bias, variance, mean square error, and tolerance interval. For
one of the older models, prediction accuracy within 5 percent of observed site index was
100 percent, and other statistics compared favorably. Based on the premise that a polymor-
phic model best describes growth of eastern white pine over a range of site qualities, the
site index model developed in 1932 performed surprisingly well.

INTRODUCTION
Eastern white pine (Pinus  strobus L.) has long been
recognized as one of the most valuable timber species in
the southern Appalachian Mountains. This conifer is widely
managed in natural and planted stands because of its
desirable growth and yield characteristics, as well as the
high value of its products. Site index (SI) -the average total
height of the dominant and codominant trees of a stand at
a specific standard age (Chapman and Myer 1949)-
typically is used to measure the relative productivity of this
spec ies  (Beck  1971) .  S i te  index  re la t ionsh ips  have been
deve loped us ing  var ious  techn iques ,  in i t ia l l y  based on
pure ly  g raph ica l  methods  and more  recent ly  based en t i re ly
on  mathemat ica l  techn iques  (Chapman and Myer  1949) .  A l l
types of SI relationships will be referred to as models in
th is  paper .

Barrett first developed an SI model for eastern white pine
(here inaf ter  wh i te  p ine)  in  the  southern  Appa lach ian
Mounta ins  in  1932.  Other  models  were  deve loped as
methods  changed fo r  quant i f y ing  the  re la t ionsh ips  tha t
describe tree height increment over time. Five models
based on data  f rom the southern  Appa lach ian Mounta ins
are now available for white pine. The most recent model
w a s  deve loped by  Beck  (1971) .

Po ten t ia l  p rob lems assoc ia ted  w i th  deve lop ing  S I  mode ls
are well known (Beck 1971, Beck and Trousdell 1973).
Most problems are related to the inclusion of data from
unrepresen ta t i ve  s tands  and  inadequate  methods  o f  da ta
analysis (Beck 1971). Each new SI study undoubtedly has
reflected investigator intent to overcome perceived
prob lems w i th  ear l ie r  mode ls .  There fo re ,  a  log ica l  ques t ion
might be: “Have white pine SI models evolved from less
accuracy to greater accuracy over the past 70 years?” None
of  the  sou thern  Appa lach ian  mode ls  has  been tes ted  fo r
accuracy. This paper evaluates the accuracy of white pine
SI  mode ls  deve loped in  the  southern  Appa lach ians .

METHODS

Site index Models
I examined the performance of four SI models that use a
standard age of 50 years:

1. Barrett (1932) developed the first set of Sl  curves from
“...measurements  of 376 dominant and codominant trees
growing in mixture with hardwoods...” He did not state his
method for development of these curves, but likely based it
on the guide-curve technique, where the age and height of
ind iv idua l  t rees throughout  a  reg ion are  measured,  and
one must assume that the population of site indices has
been sampled  adequate ly  ac ross  a l l  s tand  ages .  The
resulting SI model is derived from a single guide-curve that
descr ibes  the  average he igh t  inc rement  re la t ionsh ip  fo r  the
total set of sampled stands (Chapman and Meyer 1949).
Site index models of this type are termed anamorphic
because  one  curve  shape descr ibes  the  he igh t -g rowth
relationship over the entire range of site qualities sampled.

2 .  Doo l i t t l e  and  V immers ted t  (1960)  supp lemented
Barrett’s data with additional observations from 105 plots in
natural stands of pure white pine and mixed species
compos i t ion  in  nor thern  Georg ia  and  wes te rn  Nor th
Carolina. They, too, used the guide-curve method. However,
recognizing that the rate of height growth varied with site
quality, they attempted to correct for that effect using a
mathemat ica l  techn ique  based on  the  coe f f i c ien t  o f
var ia t ion  (Chapman and Meyer  1949) .

3 .  V immers ted t  (1959,  1962)  sampled  78  p lan ted  s tands  in
Nor th  Caro l ina ,  Tennessee,  and Georg ia  and es tab l i shed
111 plots for preparation of an SI model. Using linear
regression, they developed an equation for predicting tree
height at 25 years as a function of height and age, but they
did not present statistics describing fit of the model.
V immers ted t  (1962)  p resen ted  a  convers ion  fac to r  fo r

‘Research Forester, Bent Creek Experimental Forest, 1577 Brevard Road, Asheville, NC 28806.

Citation for proceedings: Outcalt,  Kenneth W., ed. 2002. Proceedings of the eleventh biennial southern silvicultural research conference.
Gen. Tech. Rep. SRS-48. Asheville, NC: U.S. Department of Agriculture, Forest Service, Southern Research Station. 622 p.
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Figure l-Comparison of eastern white pine site index curves
developed in the southern Appalachian Mountains for site index 90
feet.

changing SI at a standard age of 25 to a standard age of 50
yea rs .

4. Beck (1971) sampled 43’ even-aged stands of naturally
es tab l i shed wh i te  p ine  in  wes tern  Nor th  Caro l ina ,  nor thern
Georg ia ,  eas tern  Tennessee,  and southwestern  V i rg in ia .
He  used  s tem-ana lys i s  methods  to  de te rm ine  the  to ta l
height of each sample tree at successive ages, up to and
inc lud ing  50  years ,  wh ich  prov ided a  d i rec t  measurement
of observed SI for that site. He used a non-linear sigmoid
function to derive a set of polymorphic curves whose shape
varied in relation to site quality.

Summarized in table 1 are characteristics and ranges of
total stand ages and site indices over which each of the
four SI relationships can be applied. Predicted stand height
over age for each of the models is presented in figure 1 for
a SI of 90.

Independent Data Set
I used field data collected by Beck (1971) as an
independent data set for evaluating each of the Sl  models.
The SI of Becks  (1971) 43 stands averaged 92.7 feet
(range 69 - 122),  ages averaged 52.5 years (43 - 71),  and
total heights averaged 95.1 feet (70 - 119). About a quarter

‘Beck (1971) used only 42 of the 43 stands sampled to develop his
SI  model. The identity of and reason for excluding one stand is
unknown.

of the stands were 48-years-old or less, a quarter were 49 -
51 years, and about half of the stands were 52-years  or
older (table 2). Additional information on field methods is
described by Beck (1971). A deficiency of this independent
data set is that it is not a random sample of the population
of all site indices, but Beck (1971) selected it to represent
cer ta in  cond i t ions  necessary  fo r  deve lopment  o f  h is  mode l
(Beck  and Trousde l l  1973) .

I used each of the four models to predict SI of the 43
stands. I predicted SI to the nearest foot by reading directly
f rom pub l ished age and he igh t  g raphs fo r  the  mode ls
developed by Barrett (1932),  and Doolittle and Vimmerstedt
(1960). I obtained predicted SI by solving equations
presented  by  V immers ted t  (1962)  and Beck  (1971) .
However ,  because independent  da ta  were  used in
development of Beck’s SI model, this data set cannot be
used to validate his model. Performance results for the
mode l  deve loped  by  Beck  (1971)  a re  p resen ted  as  a
s tandard  fo r  compar i son  w i th  the  o the r  mode ls .  The  mos t
recently developed SI model (Beck 1971) is referred to as
the standard model: the other three are, collectively, the old
mode ls .

Model Performance Criteria
SI mode l  per fo rmance i s  assoc ia ted  w i th  and  imp l ies  an
unspec i f i ed  accuracy  o f  p red ic t i on .  Accuracy  i s  measured
in terms of: bias and precision. Bias of a model is the
average d i f fe rence be tween pred ic ted  and the  observed
values. Precision is a measure of the scatter of predicted SI
values around their mean value. Thus, an SI model may be
charac ter ized as :  (1 )  unb iased and prec ise ,  (2 )  unb iased
but imprecise, (3) biased but precise, or (4) biased and
imprecise. An accurate model should have attributes of
be ing  bo th  unb iased  and  p rec i se .  I n  some ins tances  a
mode l  cou ld  have vary ing  degrees  o f  b ias  o r  imprec is ion

I. D

Total age (years) Total age (years)

Figure 2--Residuals  (predicted - observed) of eastern white pine
site index resulting from application of a model used as a standard
of comparison (A: Beck 1971) and three models evaluated for
accuracy with an independent data set (B: Barrett, 1932; C:
Vimmerstedt 1962; D: Doolittle and Vimmerstedt 1960).
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Table l--Site index models for eastern white pine developed in the southern Appalachian
Mountains

Model Stand Model
s o u r c e type format

Barre t t  (1932) Natura l Graph
Beck (1971) Natura l Equat ion
Doolittle and Vimmerstedt (1960) Natural Graph
Vimmers ted t  (1959) Planted Equat ion
V immers ted t  (1962) Planted Equat ion

Standard
age
Ws)
5 0
5 0
5 0
2 5
5 0

Model ranges of
54

Py ls”, (St;
2 0 - 1 2 0 50-l  30

5- 70 6 0 - 1 3 0
2 0 - 1 0 0 5 0 - 1 3 0
lo-  35 40-  80
lo-  59 57-115

and still have acceptable accuracy. Each condition presents
a different set of implications associated with model
accuracy.

I  eva lua ted  the  per fo rmance o f  each mode l  us ing  a  number
of statistics associated with accuracy. Because I was
in teres ted  in  learn ing  the  d i f fe rence between observed and
predicted SI values, I first determined the residual of each
observa t ion  (s tand) :

Residual = (Y, - Y,)

where Y, is the predicted SI for a stand, and Y, is the
observed SI value for the same stand. For many statistical
compar isons ,  the  s tandard  method  o f  ca lcu la t ing  res idua ls
is (Y,*- Y,). However, I and others (Wiant 1993, Rauscher
and o thers  2000)  have used the  reverse  fo rmula t ion
because it provides results that are more easily
comprehended:  mode l  overpred ic t ions  are  pos i t i ve  e r ro rs
and underpred ic t ions  are  negat ive  er rors .

Bias is the mean of the residuals for all stands:

Bias = C (Residual,)/n

where n is the number of sampled stands (here, 43).

The scatter of the residuals around the mean of observed
SI for a model is a measure of its precision, which is
quantified by the variance:

Variance= C (Y-Y,)%-1

where r is the mean of all observed SI.

The bias and variance can be combined into single
statistic, the mean square error:

MSE = bias’ + variance

which provides a measure of the model accuracy and is an
indication of the model that performs best overall for
estimation of SI. A disadvantage of MSE is that it cannot be
used  to  compare  re la t i ve  per fo rmance  o f  mode ls  f rom
other studies because it is dependent on the number of
observa t ions .

Two other statistics were used to overcome the limitations
of MSE and provide a more easily understood measure of
future prediction errors: prediction accuracy and tolerance
in te rva l .  Rauscher  and o thers  (2000)  used pred ic t ion
accuracy (PA) to provide a measure of the proportion of
predictions that occurred within a specified distance of the
observed value. I used a PA value of 25  percent (e.g. PA-5),
which is about equivalent to estimates within one SI class

Table P-Number of stands by total age and observed site index classes in the independent
data set sampled by Beck (1971)

Age” Site index (ft)
(yrs) 7 0 7 5 8 0 8 5 9 0 9 5 100 105 110 115 120 To ta l

4 5 1 1 I 1 1 1 6
5 0 1 1 3 3 4 1 3 2 2 1 2 1
5 5 2 1 I 3 1 1 9
6 0 2 1 3
6 5 1 1 1 3
7 0 1 1

Total 2 3 5 5 8 5 5 3 4 1 2 4 3

“Midpoints of age and site index classes (e.g., 45 =  43 through 47, 70 =  68  through 72).
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Table 3-Error analysis statistics for three site index models developed for eastern
white pine in the southern Appalachian Mountains compared to a model developed by
Beck (1971) that was used as a standard of comparison

Category of site  Index  model Statistic
and source  o f  mode l PA-5” B i a s Var iance MSEb TIC

(pet) (ft) 0) (W WI
Sate  Index  models tested
Barre t t  (1932) 1 0 0 0.17 1.56 1.59 3.03
Doo l i t t le  and  V immers ted t (1960) 9 3 0.14 5.86 5.89 5.86
V immers ted t  (I  962) 7 7 1.14 12.22 13.53 8.47

Beck (1971) 1 0 0 -1.47d 0.13 2.30 0.89

“Precision accuracy = Percent of predicted site index values within 5 pet  of actual.
%Aean  square error = Bias*  + variance.
“Tolerance interval = Bias it limits of SI  that will include 95 pet  of future errors 95 pet  of the time.
%ignificantly  different from zero at the 0.05 level of probability.

of 10 feet. Reynolds (1984) suggested calculation of
tolerance interval as a means of determining the limits
within which most errors will occur in an SI model. The
tolerance interval is equal to the mean bias plus or minus
the limits of predicted SI that will include 95 percent of
future errors at a 0.95 level of probability. I calculated all
statistics (except PA-5) using the computer program
DOSATEST,  wh ich  was  deve loped by  Rauscher  (1986)  and
refined by Wiant (1993). DOSATEST calculates a trimmed
mean and jackkn i fe  s tandard  dev ia t ion  fo r  appropr ia te
tolerance intervals if errors are not normally distributed
(Wiant 1993). Accuracy testing using these five statistics
(bias, precision, MSE, prediction accuracy, and tolerance
interval) and the DOSATEST software has been reported by
Wiant  (1993)  and Rauscher  and o thers  (2000) .

RESULTS AND DISCUSSION
The PA-5 statistic was highest (100 percent) for two
models, Barrett (1932) and the standard (table 3),
indicating that all predicted values of SI were within 5
percent of observed. Only 77 percent of stand SI values
pred ic ted  by  the  V immers ted t  (1962)  mode l  were  w i th in
these limits. The pattern of residuals of predicted and
observed SI differed for each model (figure 2).

None of the three old SI equations was significantly biased
(table 3). However, the equation developed by Beck (1971)
exhibited a bias of -1.47 feet (see panel A in figure 2)
which was significantly different from zero at the 0.05 level
of probability. For example, on a plot with tree height 90 feet
at 50 years, the standard model predicts SI as about 88.5
feet. The observed bias results from the model not being
constrained, or adjusted, to pass through a value of SI
equal to stand height at 50 years standard age (Personal
commun ica t ion  T.Lloyd,  Research  Fo res te r ,  USDA Fores t
Service, 1577 Brevard Road, Asheville, NC 28806),  as is
generally customary in most SI models. Constraining the
model was not addressed by Beck (1971) but likely was
not done in order to provide a model of greater overall
accuracy. In contrast, Trousdell and others (1974) used a
similar model formulation to develop SI curves for loblloly
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pine (Pinus  taeda L.) and adjusted the curves to pass
through the indicated SI at age 50.

The tolerance interval was least for the standard model,
which suggests a high degree of accuracy that is
associated with small errors of prediction. Among the old
models, tolerance interval was smallest (3.03 feet) for
Barrett’s (1932) and greatest (8.47 feet) for Vimmerstedt’s
(1962). For Barrett‘s model, which has a bias of zero (i.e.
mean bias was 0.17, which was not significantly different
from zero), the tolerance interval may be interpreted to
indicate a 95 percent confidence that at least 95 percent of
the population of future errors will occur within an interval of
about -c3  feet of actual SI.

Mean square error, which combines the effects of bias and
variance, was least for Barrett’s model. The relatively large
bias of the standard model (-1.47 feet) contributed to its
large MSE. In many situations, however, a model with a
large bias and small variance (e.g., Beck 1971) is
preferable to a model with a small bias and large variance
(e.g., Barrett, i932). This is because prediction errors
associated with bias can be easily corrected, but
account ing  fo r  e r ro r  a r i s ing  f rom imprec is ion  i s
p rob lemat i c .

An explanation for the relatively poor performance of the
Vimmerstedt (1962) model is likely due to several causes.
First, unlike the other SI models evaluated, this one was
developed in planted stands of white pine but tested using
data from natural stands. Effects of stand establishment-
method  and  spec ies  compos i t ion  on  SI re la t ionsh ips  fo r
wh i te  p ine are  not  we l l  known,  a l though p lanted seed l ings
typically exhibit greater height growth than natural
seed l ings  un t i l  about  5  years  (Persona l  communica t ion ,
Brian flitter, Forestry Supervisor, Biltmore Estate, One North
Pack Square, Asheville, NC 28801). Second, over 80
percent of sample trees used in development of the
Vimmerstedt model were less than 25 years of age, which
tended to weight the curves away from height patterns at a
s tandard  age  50  years .  Las t ,  V immers ted t  (1962)



presented without explanation a single factor for converting
SI at base age 25 to base age 50. Application of the single
factor suggests that total height at age 50 would be 1.4335
times that measured at age 25 on all sites. It seems likely
that use of a single conversion factor would reduce
accuracy of SI models at higher and lower site qualities. In
compar ison,  Trousde l l  and o thers  (1974)  found tha t  he igh t
of loblolly pine at 50 years ranged from about 1.4 to 1.7
times that at age 25, depending on site quality. The
combination of these and other unknown factors likely
con t r ibu ted  to  reduced per fo rmance o f  the  V immers ted t
(1962)  model .

The tests I conducted were restricted to stand ages 43 - 71
years, which covered only about half the age ranges
applicable for most of the models. Tests of the models at
younger  ages were  not  poss ib le  due to  lack  o f  independent
data. However, performance of the SI models for younger
stand ages may be implied by their performance at the
older ages. Assuming that the standard model offers the
best representation of height for white pine at all ages, the
model  deve loped by  Bar re t t  (1932)  probab ly  wou ld  per form
wel l  i n  younger  s tands .

CONCLUSIONS
This study has shown that accuracy of eastern white pine
SI  mode ls  var ies  in  the  sou thern  Appa lach ian  Mounta ins .
None of the three tested SI models exhibited performance
super io r  to  the  most  recen t l y  deve loped po lymorph ic  mode l
(Beck 1971),  which, however, could not be evaluated
because a satisfactory data set was not available. One of
the  anamorph ic  mode ls  (Bar re t t  1932)  compared favorab ly
to the standard model, and several components of its
accuracy (bias and MSE) were slightly superior to the
standard. The data presented in table 3 are statistics of fit
for Beck’s (1971) model, rather than independent tests of
accuracy.

Results of this study should be useful to researchers for
des ign ing new s tud ies  and in  he lp ing managers  dec ide
which SI model to use. One reason I made this study was
recognition of how little information is in the literature on the
topic of SI validation testing. Site index models are one of
the  mos t  common ly  used  fo rms  o f  p red ic t i on  equa t ions  in
forestry; they typically are developed, presented, and used
wi th  no  accompany ing  eva lua t ion  o f  per fo rmance .  The
DOSATEST program prov ides  an  easy- to -use  too l  fo r
making tests of accuracy. The primary conclusions are that
plantation SI curves seem to differ from natural stands, and
that curves developed at two different times for the same
reg ion  us ing  very  d i f fe ren t  mode l  deve lopmenta l
techn iques  p roduced  very  s im i la r  resu l t s .
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AMMING  MODELS TO OPTIMIZE
AF PINE MANAGE

Benedict J. Schuiteand Joseph Buongiorno’

Abstract-Nonlinear programming models of uneven-aged shortleaf pine (Pinus  echinata
Mill.) management were developed to identify sustainable management regimes that optimize
soil expectation value (SEV) or annual sawtimber yields. The models recognize three
species groups (shortleaf pine and other softwoods, soft hardwoods and hard hard-
woods) and 13 2-inch  diameter-at-breast-height size classes. Reproduction, growth and
mortality rates are a function of tree diameter, stand density and site productivity. The
optimal economic and production regimes each involve a guiding maximum diameter for
softwoods and periodic hardwood control, with the optimal maximum diameter a function of
site productivity.

emand fo r  non-commod i ty  fo res t  va lues
such as biological diversity, scenic beauty, recreational
oppor tun i t ies  and w i ld l i fe  hab i ta t  has  lead to  inc reased
in te res t  in  uneven-aged  management .  Ye t  mode ls  to
predict the effects of specific management regimes on
s tand  s t ruc tu re ,  spec ies  compos i t i on ,  t imber  p roduc t ion ,
economic returns and sustainability are not readily avail-
able for many forest types. This remains true for shortleaf
p ine ,  desp i te  i t s  economic  impor tance  and  w ide  d is t r ibu-
tion. To help address this situation, we developed math-
emat ica l  p rogramming  mode ls  to  iden t i f y  sus ta inab le
management  reg imes  tha t  max im ize  economic  re tu rns  o r
annua l  sawt imber  product ion  fo r  uneven-aged shor t lea f
pine.

G E L
To estimate stand growth, a site- and density-dependent
mat r i x  t rans i t ion  mode l  was  deve loped  us ing  da ta  f rom
1047 natura l ly  regenerated,  shor t lea f  p ine re-measurement

Table I-Distribution  of sample plots by state and inventory”

plots of the Southern Forest Inventory and Analysis (FIA)
database ( tab le  1 ,  Hansen and o thers  1992) .  The average
interval between inventories was 8.6 years. Observed
upgrowth  and mortality probabilities and ingrowth  rates
were converted to a one-year interval by exponential
in terpo la t ion.

The mode l ’ s  s t ruc tu re  fo l lows L in  and o thers  (1998) .  T rees
are  ca tegor ized  in to  th i r teen 2- inch  d iameter -a t -b reas t
he igh t  (DBH)  s i ze  c lasses  and  th ree  spec ies  g roups :
shor t lea f  p ine  and  o ther  so f twoods ,  so f t  ha rdwoods  and
hard hardwoods. Size classes are denoted by their mid-
point diameters and range from size class 2 to size class
26+,  which contains all trees 25 inches DBH and larger.
The model was calibrated on 838 plots (80 percent)
chosen randomly  f rom the  1047 ava i lab le .  The remain ing
209 plots were used to test the accuracy of the model prior
to re-estimating the parameters using data from all 1047
plots.

__i______l______________________________----------------------------  State ________________________________________------------------------------.

Year AL AL AR AR LA LA MS MS OK OK TN TX TX

Current ‘82 ‘90
Previous ‘72 ‘82

‘88
‘78

‘95
‘88

‘84
‘74

‘ 9 1
‘84

‘87
‘77

‘94
‘87

‘86
‘76

‘93
‘86

‘89
‘80

‘86
‘75

‘92
‘86

P lo ts 108  47 192 174 34 2 1 8 5 4 2 8 2 8 5 1 4 a 5 7 8

“Inventories may span more than one year.

IResearch  Assistant, Professor, Department of Forest Ecology and Management, 1630 Linden Drive, Madison, WI 53706-l 598, respectively.

Cirar;oion  for proceedings: Outcalt,  Kenneth W., ed. 2002. Proceedings of the eleventh biennial southern silvicultural research conference
Gen. Tech. Rep. SRS-48 Asheville, NC: U.S. Department of Agriculture, Forest Service, Southern Research Station. 622 p.
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Table 2-Equations for annual ingrowth  (treedadyr)

Sp.b

Stand Site Species
(ftYac  B A Con-

Ft\ac)  /yr) (fP/ac)  stant R2  dF

S W -0.597 0.41 4 1 . 9 0 .12 1044
t* ** * *

S H -0.077 0.058 0.41 6 . 9 0 .14 1 0 4 3
** ** ** **

H H -0.091 0.059 0.13 1 2 . 7 0 .02 1043
** * * **

“Asterisks denote level of significance: *, 0.01; **,  0.0001.
%pecies  groups: SW, shortleaf pine and other softwoods; SH, soft
hardwoods; HH, hard hardwoods.

lngrowth Rates
Table 2 gives the parameter estimates for the final ingrowth
equat ions .  lng rowth  ra tes  were  inverse ly  p ropor t iona l  to
total stand basal area and directly proportional to the basal
area of the given species group, presumably reflecting the
presence  o f  more  seed-produc ing  t rees .  S i te  p roduc t i v i t y
had a significant, positive effect on the ingrowth  of the soft
hardwoods and hard  hardwoods but  no t  the  shor t lea f  p ine
and  o the r  so f twoods .

Upgrowth  Probabilit ies
The upgrowth  probability equations’ parameters are in
table 3. As expected, upgrowth  probabilities were inversely
proportional to stand density, directly proportional to site
productivity, and a quadratic function of tree diameter for all
three species groups. Upgrowth  probabilities were lowest
a t  sma l l  d iamete rs ,  peaked  a t  in te rmed ia te  d iamete rs ,  and
dec l ined aga in  a t  la rge d iameters .

Mortality Probabilities
The parameter estimates for the mortality equations are in
table 4. All three species groups exhibit the expected
convex  re la t ionsh ip  be tween d iameter  and  mor ta l i t y .
Mor ta l i t y  p robab i l i t i es  were  h ighes t  a t  sma l l  d iamete rs ,
reached the i r  lowes t  leve ls  a t  in te rmed ia te  d iameters ,  and
increased again at large diameters. For the shortleaf pine

i

4 6 8 IO  I? 14 I6  18 20 22 24 263

Diameter CI~ISS  (inches)

Soflwoods - -Hard  hardwoods Soft  hardwoods

Figure l-Average observed (dots, with 95 percent confidence
intervals) and predicted (lines) distributions of shortleaf pine and
other softwood, soft hardwood and hard hardwood trees on 209
post-sample plots after an average 8.6-years  growth.

and  o ther  so f twoods  g roup ,  mor ta l i t y  p robab i l i t i es  were
also significantly higher at higher stand densities and on
more  p roduc t i ve  s i t es .

Projection Accuracy
To test the accuracy of the growth model for projections as
long as the interval between two FIA inventories, the initial
model, developed with data from the 838 estimation plots,
was used to predict the diameter frequency distributions of
the 209 validation plots at the current inventory given their
distribution at the previous inventory and any intervening
harvest. Figure 1 shows how the predicted distributions
compared  w i th  the  observed  d is t r i bu t ions .  For  mos t
spec ies -d iameter  ca tegor ies ,  the  average  o f  the  p red ic ted
number of trees was within the 95 percent confidence
interval of average observed number of trees, though there
was a slight tendency for the model to over predict the
number of large shortleaf pine and other softwood trees.

YIELD MODEL
Cubic-foot sawlog  and pulpwood volumes of individual
trees are estimated using equations fitted to the stem

Table 3-Equations for probability of transition between size classes in 1 year”

D F
Spb

Stand
S i t e D B H
(ft3/ac/yr) (in.)

DBH2
(in.“) Constant R*  DF

SW -0 .00034 0.00021 0.01000 0.00034 0.02740 0.09 5 7 0 2
** ** ** ** **

S H -0.00018 0.00020 0.00830 -0.00032 0.00170 0.08 1234
* ** ** **

H H -0.00020 0.00022 0.00750 -0.00022 0.00470 0.10 2 8 5 4
** ** ** **

“Asterisks denote level of significance: *, 0.01; **,  0.0001.
%pecies  groups: SW, shortleaf pine and other softwoods; SH, soft hardwoods; HH, hard hardwoods.
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Table 4-Equations for probability of mortality in 1 years

Sp.b

Stand

;,aC)

S i t e
(fP/ac
hr)

D B H DBHZ
(in.) (in.*)

DBH-’ Con-
(l/in.) stant R*  dF

S W 0.0000560 0.00014 0.000014 0.158 -0.028 0.22 5 7 2 8
** *** * *** ***

S H -0.00470 0.000160 0.0360 0.04 1 2 4 4
*** *** ***

H H 0.00085 0.092 -0.007 0.07 2 8 7 8
** *** ***

“Asterisks denote level of significance: *,  0.01; **,  0.001; ***,  0.0001.
%pecies groups: SW, shortleaf pine and other softwoods; SH, soft hardwoods; HH, hard hardwoods.

Table F&-Equations for sawlog  volume (cubic feet)

DBH*  Sawlog  Con-
SP.~  ( in.*) (V stant R* dF

S W  0 . 1 3 1.02 - 3 6 . 1 0 .94 2 9 9
S H 0.11 1.13 - 2 3 . 6 0 .96 2 2 9
H H  0 . 1 0 1.12 - 3 1 . 6 0 .96 2 2 5

“Fitted to the stem volume equations of Clark and Souter (1994). All
c o e f f i c i e n t s  a r e  s i g n i f i c a n t  a t  t h e  0 . 0 0 0 1  l e v e l .
%pecies groups: SW, shortleaf pine and other softwoods; St-l,  soft
hardwoods: HH, hard hardwoods.

Table g-Equations  for pulpwood volume per tree (cubic
feet)

Height DBH* Con-
Sp.b (ft) (in.*) s tan t R*  dF

SW 0.12 0.13 - 3 6 . 1 0.97 47
S H 0.11 0.11 - 2 3 . 6 0.97 80
HH 0.11 0.10 - 3 1 . 6 0.97 80

“Fitted to the stem volume equations of Clark and Souter (1994). All
c o e f f i c i e n t s  a r e  s i g n i f i c a n t  a t  t h e  0 . 0 0 0 1  l e v e l .
%pecies groups: SW, shortleaf pine and other softwoods; SH, soft
hardwoods; HH, hard hardwoods.

Table 7-Equations for top pulpwood volume per tree
(cubic feet)

He igh t  Sawo lg  DBH* Con-
Sp.b (fi) (ft) (in2) stant R* dF

SW 0.067 -0.99 0.067 - 2 1 . 5 0 .89 2 9 8
SH 0.057 -1.06 0.057 - 2 2 . 3 0 .91 2 2 8
HH 0.056 -1.07 0.056 - 1 7 . 0 0.91 2 2 4

“Fitted to the stem volume equations of Clark and Souter (1994). All
c o e f f i c i e n t s  a r e  s i g n i f i c a n t  a t  t h e  0 . 0 0 0 1  l e v e l .
%pecies groups: SW, shortleaf pine and other softwoods; SH, soft
hardwoods; HH, hard hardwoods.

Table 8-Equations for total tree height (feet)

S t a n d  S i t e  Site*
B A (ftVac  (ftVac*  D B H  DBH-’  Con-

SP.~  (ft’/ac)  /yr) W) (in.) (l/in.) stant R* dF

SW 0 .090  0 .42  -0 .0010  1 .04  -182  30 .9  0 .6617815
S H  0 . 0 5 7  0 . 3 9  - 0 . 0 0 1 3 -274 56.4 0.55 1216
HH 0.071 0.44 -0.0013 0.75 -143 24.3 0.52 3654

“All  c o e f f i c i e n t s  a r e  s i g n i f i c a n t  a t  t h e  0 . 0 0 0 1  l e v e l .
%pecies groups: SW, shortleaf pine and other softwoods; SH, soft
hardwoods; HH, hard hardwoods.

Table S-Equations for sawlog  length (feet)

Height D B H DBH-’ Con-
Sp.b (fi) ( in.) ( l / in.) stant R’ dF

SW 0.83 - 2 . 2 - 3 9 6 - 3 6 . 1 0 .75 11901
SH 0.49 - 2 3 4 - 3 2 . 6 0 .44 291
H H  0 . 3 8 - 1 . 9 - 4 6 5 - 3 1 . 6 0 .37 1349

“All  c o e f f i c i e n t s  a r e  s i g n i f i c a n t  a t  t h e  0 . 0 0 0 1  l e v e l .
%pecies groups: SW, shortleaf pine and other softwoods; SH, soft
hardwoods; HH, hard hardwoods.

Table lo-Stumpage  prices8

Species group Species group
Pulpwood Sawt imber

($ /cord) ($/Mbf)

Sof twoods 21.88 324b
Soft hardwoods 13.85 153”
Haxlhrsdmds  13.85 2 9 1 ”

Source: Timber Mart-South (Sept. 1999 - Aug. 2000).
%cribner l o g  r u l e ;  “Doyle  l o g  r u l e .
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Table ll-Steady-state management regimes that
maximize soil expectation value on low, medium and
high productivity site.9.  Trees harvested each cutting
cycle are denoted by asterisks

--Low site- - -Medium site- - -High site- -
S i z e SW SH HH SW SH HH SW SH HH

Table 12-Steady-state  management regimes that
maximize annual sawtimber production on low, medium
and high productivity sitesa. Trees harvested each
cutting cycle are denoted by asterisks

Low site M e d i u m  s i t e High site
Size SW SH HH SW SH HH SW SH HH

2
4
6
8
1 0
1 2
1 4
1 6
1 8
2 0
2 2
2 4
26+

269.5 22.8*46.6*239.2  34.8*58.0*218.5  73.5*101.5*
1 1 2 . 9 0.4* 1.Y 110.1 20 3.6* 1 1 3 . 8 9.4 14.J

7 2 . 7 00 O.l* 7 1 . 2 O.l* 0.Y 76.1 10 1.7
5 6 . 8 5 4 . 3 58.0 0.1* 0.2
4 9 . 4 4 5 . 6 31.c 0.F
1 8 . 6 1 8 . 5 113
3.7 4.1 2.8’
0.4 03 0 . 5
0 . 0 00 0.1’

Statisticsb

2 251.520.0*46.3*234.9 5.7*10.4* 2 2 3 . 7 1 8 . 2 27.7*
4 94.9 0.8*  1.9*  101.5 111.3 0 . 3 0.5*
6 58.3 O.O*  O.l* 63.5 7 2 . 6
8 44.2 47.8 5 4 . 6
1 0 37.7 39.3 4 4 . 6
1 2 34.7 34.7 8.2*
1 4 14.8* 3 .0 ” 0.4*
1 6 3.4*
1 8 0.5*
2 0 o.o*
2 2
2 4
26+

Statisticb

C y c l e 8 6 9
S E V 2 0 9 3 2711 3 4 3 0
S a w 8 1 1 0 9 119
H’tw 4 1 4 1 3 5

“Low site, shortleaf pine site index 67 feet at age 50; medium site,
1 0 2  f e e t ;  h i g h  s i t e ,  1 4 2  f e e t .
‘Cycle,  optimal cutting cycle (years): SEV, soil expectation value ($/
acre); Saw, annual sawtimber production (fP/acre/year);  HI,,-,
percent of theoretical maximum tree diversity (pet),  after harvest.

volume tables of Clark and Souter (1994). Pulpwood is
potentially available from poletimber trees (softwoods 5 to
less than 9 inches DBH or hardwoods 5 to less than 11
inches DBH) and from the tops of sawtimber trees (soft-
woods 9  inches DBH and la rger  or  hardwoods 11 inches
DBH and la rger ) .  Pu lpwood vo lumes o f  po le t imber  t rees
(table 5) are a linear function of tree height and diameter
squared ;  whereas  pu lpwood vo lumes f rom the  tops  o f
sawtimber trees (table 6) are a linear function of tree
height, sawlog  length and diameter squared. Sawlog
volumes (table 7) are a linear function of sawlog  length and
diameter  squared.

Total heights of the average tree in each size class of a
par t i cu la r  spec ies  group are  es t imated us ing  equat ions
based on more than 22,000 trees on the 1047 plots used
to develop the growth model. Table 8 gives the empirical
tree height equations. For a given size class, trees were

C y c l e 7 1 2
S E V 1595 4 8 6 2 9 6 8
S a w 8 8 1 1 1 1 3 3
H ’ tree 4 5 4 6 4 1

“Low site, shortleaf pine site index 67 feet at age 50; medium site,
1 0 2  f e e t ;  h i g h  s i t e ,  1 4 2  f e e t .
%ycle,  optimal cutting cycle (years); SEV, soil expectation value ($/
acre); Saw, annual sawtimber production (fWacre/year); H’,,ee,
percent of theoretical maximum tree diversity (pet),  after harvest.

taller in stands with more basal area and on more
productive sites. Similarly, sawlog  lengths are estimated
us ing  equat ions  based on  more  than 13 ,000 t rees  f rom the
same plots. The empirical sawlog  length equations are in
table 9. Sawlog  length was a function of tree diameter and
he igh t .

OPTIMIZATION MODELS

Maximizing Soil Expectation Value
Knowing  the  max imum economic  re tu rn  tha t  can  be
obtained from a particular site provides a useful measure
fo r  compar ing  the  economic  per fo rmance  o f  a l te rna t i ve
managemen t  reg imes .  The  p re fe r red  measu re  o f  a
management  reg ime ’s  economic  per fo rmance ,  when
applied to a stand of a given productivity, is the soil expecta-
tion value (SEV), the present value of all future harvests, net
of all costs, including the opportunity cost of the growing

‘The optimization models presented in this paper have non-concave response surfaces, thereby necessitating the use of nonlinear program-
m i n g  t e c h n i q u e s .  C o n s e q u e n t l y ,  t h e  o p t i m a l  r e g i m e s  t h e y  i d e n t i f y  a r e  l o c a l l y ,  t h o u g h  n o t  n e c e s s a r i l y  g l o b a l l y ,  o p t i m a l .  T o  i m p r o v e  t h e  l i k e l i h o o d
o f  f i n d i n g  g l o b a l l y  o p t i m a l  s o l u t i o n s ,  e a c h  p r o b l e m  w a s  s o l v e d  5 0  t i m e s ,  e a c h  t i m e  b e g i n n i n g  w i t h  d i f f e r e n t  i n i t i a l  v a l u e s .
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stock. Because SEV is highly influenced by a stand’s initial
structure and to ensure sustainability, only steady-state
management  reg imes ,  those  in  wh ich  the  s tand  re tu rns  to
the  same pre -harves t  d iameter  d is t r ibu t ion  each  cu t t ing
cycle, are considered here. Consequently, the model’ to
iden t i f y  the  sus ta inab le ,  uneven-aged management  reg ime
that maximizes soil expectation value is:

max SEV =
Yi,~l~,>

subject to:

Y, =G,(Y,, %)+I,

(2)
(3)
(4 )
(5)

h,,)  (1)

where C is the cutting cycle, y, is a vector containing the
number of trees per acre of species group i and size class j
at the start of year t, h, is a vector containing the number of
live trees per acre of species group i and size class j
harvested each cutting cycle, G, is a matrix containing
transition probabilities for year t, and I, is a vector containing
the ingrowth  for year t(i.e.,  the number of trees entering the
smallest size class of each species).

The stumpage  values of individual trees, s,  are obtained by
multiplying their pulpwood (cords) and sawtimber (board-
feet) volumes by their stumpage  prices. The stumpage
pr ices  used in  th is  ana lys is  a re  1999-2000 average pr ices ,
weighted by area, for the Southeastern United States (table
10 ,  T imber  Mar t -Sou th ) .  Pu lpwood cub ic - foo t  vo lumes a re
converted to cords assuming 72 cubic feet per cord for
so f twoods  and  79  cub ic  fee t  fo r  ha rdwoods .  Koch ’s
conversion table (Koch 1972) is used to convert cubic-foot
sawlog  volumes to board-foot measures (Scribner  log rule
for softwoods and Doyle log rule for hardwoods). Costs not
already reflected in the stumpage  prices, f, such as
admin is t ra t ion  and  hardwood con t ro l ,  a re  assumed to  to ta l
$80.00 per acre, while the real rate of interest, r,  is set at 4
percen t .

Equations (2) are the growth equations*. There is one
equation for each year of the cutting cycle. Equation (3) is
the  s teady -s ta te  cons t ra in t ,  wh ich  ensures  sus ta inab i l i t y  by
requiring the stand to return to the same pre-harvest
distribution each cutting cycle. Equation (5) guarantees that
the number of trees harvested from the stand does not
exceed the  number  o f  t rees  p resent ;  whereas  equat ions  (4 )

and (5) together ensure that the number of trees in, and
harves ted  f rom,  each  spec ies -s ize  ca tegory  i s  nonnega t i ve .

Maximizing Annual Sawtimber Production
While economic concerns may be a key concern of many
forest landowners and managers, others are likely to be

v ‘h,
max Saw = )
Yo.4, c

(6)

more interested in the volume of sawtimber that can be
produced  on  a  sus ta inab le  bas is .  The  mode l  to  max im ize
annua l  sawt imber  p roduc t ion  i s :

subject to:
(2h (31,  (4) and (5)

where v, is a vector containing the cubic-foot sawtimber
volumes of trees in each species-size category.

Measuring Tree Diversity
In addition to managing for economic returns and timber
produc t ion ,  fo res t  landowners  a re  a lso  inc reas ing ly
interested in managing for biological diversity. Because the
distribution of trees by species and size largely determines
a stand’s structure, and thus the ecological niches avail-
able to other organisms, tree diversity is a key component
of a stand’s overall diversity (Wilson 1974, Rice and others
1984). One of the most widely used and accepted diversity
indices is Shannon’s index (Pielou  1977, Magurran 1988).
Here we define Shannon’s index of tree diversity in terms of
basal area, rather than number of individuals, to give added
weight to larger trees:

where b,, is the residual basal area in species group i
and size class j, b is the residual stand basal area and
epsilon is a small, positive constant (0.001) used to avoid
division by zero and natural logarithm of zero errors. As
def ined  here ,  Shannon ’s  index  reaches  i t s  max imum va lue
of 3.66 [ln(39)]  when the residual basal area is distributed
evenly among each of the thirty-nine species-size catego-
ries. It provides a useful measure for comparing the tree
diversity of the optimal economic and sawtimber regimes.

RESULTS AND DISCUSSION
Tab le  11  g ives  the  s teady-s ta te  management  reg imes  tha t
maximize SEV on low (shortleaf pine site index 67 at age
50 years), medium (site index 102),  and high productivity

2Because  t h e  parameters  o f  t h e  g r o w t h  a n d  ingrowth  m a t r i c e s  a r e  d e r i v e d  f r o m  r e g r e s s i o n  e q u a t i o n s  w h i c h  c o n t a i n  n e g a t i v e  c o e f f i c i e n t s  f o r
residual stand basal area, it is possible for the predicted transition probabilities and ingrowth  rates to be negative when the residual basal area
i s  s u f f i c i e n t l y  h i g h .  T o  a v o i d  s u c h  b i o l o g i c a l l y  i n f e a s i b l e  p r e d i c t i o n s ,  t h e  r i g h t  h a n d  s i d e  o f  e a c h  a p p l i c a b l e  r e g r e s s i o n  e q u a t i o n ,  c a l l  i t  “z”, w a s
replaced by the expression “[z + (z2)‘@]/2.  This expression returns the original value of “z” if it is positive and zero otherwise. This equation was
also used, as needed, with regression equations for predicting sawtimber and pulpwood volumes.
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(site index 142) sites. The optimal cutting cycles are 8, 6
and 11 years, respectively. In all three cases, the hard-
woods are completely controlled at each harvest and the
shor t l ea f  p ines  and  o the r  so f twoods  a re  managed  w i th  a
gu id ing  max imum d iameter  o f  11  inches  DBH on low and
medium sites and 9 inches DBH on high sites.

The optimal regimes give SEVs  of $2,093, $2,711 and
$3,430 per acre, while producing 81, 109 and 119 cubic
feet of shortleaf pine and other softwood sawtimber per
acre per year, respectively. The small diameters of soft-
woods and the  absence o f  hardwoods in  the  res idua l
stands result in relatively low Shannon indices of tree
diversity of 41 percent of the theoretical maximum value on
low and medium sites and 35 percent on high sites.

Sawtimber Production
Tab le  12  shows the  op t ima l  management  reg imes  fo r
p roduc ing  sawt imber  on  low,  med ium and h igh  p roduc t i v i t y
sites. The optimal cutting cycles are 7, 1 and 2 years,
respectively. As was the case for the SEV-maximizing
reg imes ,  the  op t ima l  sawt imber  reg imes  each  invo lve
comple te  hardwood cont ro l  a t  each harves t  and a  gu id ing
max imum d iamete r  fo r  shor t lea f  p ine  and  o ther  so f twoods :
13 inches DBH on low sites and medium site and 11
inches DBH on high sites.

These reg imes have annua l  shor t lea f  p ine  and o ther
softwood sawtimber production rates of 88, 111 and 133
cubic feet per acre on low, medium and high sites, respec-
tively. By leaving more large diameter softwoods in the
res idua l  s tand  than  the  SEV-max imiz ing  reg imes ,
Shannon’s index of tree diversity improves to 45, 46, and 41
percent of its theoretical maximum on low, medium and
high productivity sites, respectively. In contrast, SEV drops
to $1595, $486 and $2968 per acre, respectively. This
poorer economic performance is due, in part, to the shorter
cutting cycles, which cause the fixed costs to be incurred
more frequently.

CONCLUSION
Deciding how best to manage forestlands to meet specific
objectives requires a clear understanding of what is
poss ib le  on  d i f fe ren t  s i tes .  The non l inear  p rogramming
models presented here help define these limits for uneven-
aged  shor t lea f  p ine  by  iden t i f y ing  sus ta inab le  s teady-s ta te
management  reg imes  tha t  max im ize  e i the r  the  so i l
expec ta t ion  va lue  or  the  average annua l  sawt imber
production on low, medium and high productivity sites. In
addition, the growth model developed for this study allows
land managers  to  exp lo re  add i t iona l  management  s t ra te -
gies for meeting their own specific objectives.

Because tree growth, reproduction, and mortality are highly
stochastic processes, our ability to model them accurately
is limited. Therefore, the optimal regimes presented in this
paper  shou ld  be  in te rpre ted  as  ten ta t ive  recommendat ions
and no t  as  p roven s t ra teg ies  to  be  adopted  unquest ion-
ingly. Likewise, simulation results obtained with the growth
mode l  shou ld  be  in te rpre ted  as  represent ing  the  expected
average behavior of a number of similar stands, not as
predicting the precise behavior of an individual stand.
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A COMPATIBLE STEM TAPER-VOLUME-WEIGHT SYSTEM
FOR INTENSIVELY MANAGED FAST GROWING

LOBLOLLY PINE

Yujia Zhang,  Bruce E. Borders, and Robert L. Bailey’

Abstract-Geometry-oriented methodology yielded a compatible taper-volume-weight
system of models whose parameters were estimated using data from intensively managed
loblolly pine (Pinus  faeda  L.) plantations in the lower coastal plain of Georgia. Data analysis
showed that fertilization has significantly reduced taper (inside and outside bark) on the
upper segment and augmented the stem merchantable volume there, which was modeled
using an adjusted form factor. On the other hand, the unit-weights of fertilized trees were
not significantly different from unfertilized trees. Finally, our analysis showed no significant
impacts of complete vegetation control on taper, volume or weight characteristics.

INTRODUCTION
Geomet ry -o r ien ted  methodo logy  cons t ruc ts  a  theore t i ca l l y
sound and  phys ica l l y  mean ing fu l  f ramework  fo r  taper
pred ic t ion equat ion (Ormerod 1973,  Fors lund 1982,
Newberry  and others. 1989, Bailey 1994, Byrne and Reed
1986,  Broad and Wake 1995,  Par reso l  and Thomas 1996,
Fang and Bailey 1999, Fang and others. 2000). The
assoc ia ted  merchan tab le  vo lume equa t ion  i s  mathemat i -
cally compatible with the total volume equation, that is, it
results from integration of the taper function
(Demaerscha lk  1972,  C lu t te r  1980,  Byrne and Reed 1986,
McTague  and Bailey 1987, Bailey 1994, Fang and Bailey
1999, Fang and others. 2000).

Recent ly ,  in tens ive  management  has  been app l ied  in  the
Southeas te rn  U .S .  (Joke la  and  S tearns -Smi th  1993)  to
acce le ra te  t ree  and s tand growth  and inc rease f inanc ia l
returns. Many of these silvicultural treatments have been
shown to result in dramatic growth increases (Ford 1984,
Gent and others. 1986, Allen and others. 1990, Stearns-
Smi th  and o thers .  1992,  Joke la  and Stearns-Smi th  1993,
Borders and Bailey 1997). However, the effect of these
treatments on individual tree stem taper, volume, and
weight has not been fully studied. Borders and Bailey
(1997) reported an extremely fast growth rate of loblolly
pine (Pinus  taeda  L.) obtained from intensively managed
stands in the Southeastern U.S. The thirteen-year growth of
the  most  respons ive  s tands  y ie lded  an  average annua l
increment of 1.50 cm for quadratic mean diameter and 1.55
m for dominant height. Obviously, when such dramatic
growth rate differences exist it is possible that stem taper
and unit weight may be impacted as well.

STUDY MATERIALS
This investigation used data from the Consortium for
Acce lera ted P ine P lanta t ion  Stud ies  (CAPPS)  in i t ia ted  in
1987 and maintained by the Daniel 8.  Warnell  School of

Forest Resources, University of Georgia. The treatments
employed were: l)Complete vegetation control throughout
stand l i fe -span us ing  herb ic ide  (H) ,  2 )Annua l  fe r t i l i za t ion
(F), 3)Herbicide and Fertilization (HF), and 4)Check (C). In
the winter of 1999, 192 trees with age 12, 10, and 6 years
old were harvested from two study installations from the
lower coastal plain of Georgia for wood quality research.
S tem taper  and  we igh t  measurements  were  made in  f ie ld
and disk analysis was done in the USDA Forest Service
laboratory in Athens, GA. The impacts of cultural treatments
and age on stem taper were investigated using the split-
sp l i t  p lo t  des ign .  The dependent  var iab les  employed are
form quotients inside and outside bark at height proportion
0.25, 0.50, 0.60, 0.75, and 0.90, considering that the
change of a specified quotient implies the change of stem
form, which may be related to cultural treatments. Data
ana lys is  showed 1 )  no  s ign i f i can t  impac ts  f rom t rea tment
H, 2) significant effects of treatment F are found only for
quotients of 0.75 and 0.90, and 3) age is not a significant
con t r ibu to r .

MODEL STRUCTURE
Fang and  o thers .  (2000)  p roposed a  sys tem o f  compat ib le
vo lume- taper  mode ls  fo r  t rad i t iona l ly  managed lob lo l l y  p ine
and slash pine (Pinus  elliottii  Engelm) plantations, in which
two in f lec t ion  po in ts  ( th ree  segments )  were  employed .
Screening the taper profile of stems in this study (figure l),
one inflection point seems adequate for our taper predic-
t ion  equat ions .  Fo l low ings  a re  der i ved  mode ls  fo r  s tem
taper, volume, and weight.

Taper (Outside Bark)
The derivation of taper equation is similar to the method
introduced by Fang and others. (2000) except 1) Newton’s
segment  vo lume equat ion  was  employed in  the  der iva t ion
and 2) a boundary condition that dob = dbh where stem

‘Research Coordinator, Professor, Retired Facilty,  D. B. Warnell  School of Forest Resource, The University of Georgia, Athens, GA, USA,
repectively.

Cifafion  for proceedings: Outcalt,  Kenneth W., ed. 2002. Proceedings of the eleventh biennial southern silvicultural research conference,
Gen. Tech. Rep. SRS-48. Asheville, NC: U.S. Department of Agriculture, Forest Service, Southern Research Station. 622 p.
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(,)

height = breast height.

where dob is the stem diameter outside bark, dbh the

h
diameter at breast height, p  =  K , h  the stem height,

H the total height, HI= H
t-I  -1.3716

, k$,

k ad3
a = (1 - p’) M? , p’the stem ration at the inflection

point, R,  and /3,  the coefficients, and q the dummy
variable with value zero for stem ratio p = p’ and one for
P>P’,

Taper ( Inside Bark)
Taper inside bark (dib) is similar to stem taper outside
bark, except an extra coefficient c because of the effect
of tree bark at breast height:

where a’ =I (1  __ p’) YIYZ  , and y, and yZ  the coeffi-

c i en t s .

Volume (Outside and Inside bark)
Compat ib le  s tem vo lume equat ion  can  be  read i l y
obtained from integratipg  the taper function:

k’,,,,,  = j-qdob’dh
‘4, (3)

where h,  is stump stem height and q  a coefficient.
Using the defined relationship (Eq. (l)),  integration of
Eq. (3) results in:

(4)

where Vs,  is the stem volume outside bark and
ta

coefficient.

Likewise, using dib in the integration results in the predic-
t ion  equat ion  o f  s tem vo lume ins ide  bark

where Vs, is the stem volume inside bark and
ra

coefficient.

W e i g h t
Let

D  = ,f(h) (6)

where D is the density of wood or bark and f some function
then stem weight can be expressed as:

where h,  is the stump height and p  =  .!!-.
H

Parreso l  and Thomas (1996)  proposed a  l inear  model  fo r
D :

D = u. + u,h  + u,Age (8)

where u,, up,  and u3  are coefficients.

Data analysis showed that age is a predictor of stem dry
weight wood only. Similarly, we investigated the impacts of
treatments H and F and found that both are not significant
con t r i bu to rs .

The  d is t r ibu t ion  o f  wood  dens i t y  a long  s tem was  sc reened
on the individual tree base and we found that a quadratic
equation form may better reflect the variation of wood
dens i t y  a long  s tem:

DWD = d,  + d,h + d,h’  + d,Age

GWBD = g,  + g,h  + g,h’

GWD = w.  + w,h  + w2h2

(9)

(10)

(11)

where DWD, GWBD, and GWD are density of dry wood,
green wood and bark, and green wood, respectively, and d,,
d,, d,,  d,,  go,  g,, g,,  w,, w,, and w, some coefficients.

Using the functions of wood density and volume, the weight
equat ions  can be obta ined upon in tegra t ing  Eq.  (24) :
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<

I
w,k + 2y&, + w>H  >
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where W,,  Wgwb,  and Wgw  are stem weight of dry wood,
stem weight of green wood and bark, and stem weight of
g reen  wood ,  respec t i ve ly .

RESULTS

Treatment Effect
There is evidence that treatment F has impacted the upper
segment taper, though treatment H did not affect these
variables very much. To reflect this fact, the value of the
upper segment form factor (b,  or gJ should be different for
fertilized trees and unfertilized trees.

Estimation of Coefficients
Note that the derived stem taper and volume equations
share not only independent variables such as p, dbh, etc.
but also coefficients like b!  and b,.  System modeling is
required for obtaining effrcrent  estimates of parameters
because  the  es t ima t ion  o f  shared  coe f f i c ien ts  needs  the
in fo rmat ion  f rom a l l  assoc ia ted  dependent  va r iab les ,  i .e . ,
both taper and volume. Note that Vsoo  and V,,, are endog-
enous var iab les  because they  appear  on  both  s ides  o f
vo lume and we igh t  equat ions .  To  e l im ina te  s imu l taneous

Table l-Estimates of parameters with standard errors
(in second line)

dob A  h  A P’
I ? 7‘

0 .1569 0.1441 0.1561 0.6025
0.0005 0.0007 0.0007 0.0092

dib C ?I ?2  ??,
0.8625 0.1724 0.1428 0.1588
0.0035 0.0011 0.0008 0.0008

v 5sob

1.99E-4
3.60E-7

v iSib
1.59E-4
6.19E-7

wdw  d,,  d,

367.63 -5 .95 -5.70E-2 12.82
13.73 7.82E-1 1.31 E-2 1.69

W !m go RI

767.38 21.96 5.23E-2
5.72 4.50E-1  7.42E-3

WCP wo WI W,

784.88 21.68 1.86E-1
7.04 5.72E-  I  8.97E-3

Table S-Fit statistics of each equation in the taper-
volume-weight equation system, where MB is the mean
bias, RMSE the root mean square error, and EF the
modeling efficiency

Equations MB R M S E F

d o b 0.2667 (cm) 1 .1841  (cm) 0.9621
d i b 0.4736 (cm) 1.1042 (cm) 0.9545
Vsob 6.30E-4  (m3) 0.0092 (m3) 0 .9900
V*lb 8.20E-4  (m3) 0.0099 (m3) 0 .9835
wdw -534E-1  (kg) 2.17 (kg) 0 .9966
W !w 3.68E-1  (kg) 9.17 (kg) 0.9890
ww -3.lOE-1  (kg) 9.12 (kg) 0.9870

equation bias, predicted rather than observed Vs,  and V,,b
va lues  were  used as  regressors  in  we igh t  equat ions
dur ing  parameter  es t imat ion  (Borders  and Ba i ley ,  1986) .

The  m ixed-e f fec ts  sys temat i c  mode l ing  techn ique  was
app l ied  fo r  ob ta in ing  unb iased and cons is ten t  es t imates  o f
paramete rs .  The  mode l ing  e f f i c iency  (EF) ,  roo t  mean
square error (RMSE), and mean bias (MB) (Loague  and
Green, 1991, Mayer and Butler 1993) were applied as fit
statistics. The estimates of coefficients involved are listed
in table 1 with the fit statistics in table 2.

DISCUSSION AND CONCLUSION
Compared w i th  an  empi r ica l  taper  equat ion ,  the  one
der ived  f rom geomet r i c  re la t ionsh ips  i s  more  theore t i ca l l y
sound and phys ica l l y  mean ing fu l  and reduces  the  param-
e te rs  d ramat i ca l l y ,  wh ich  s imp l i f i es  mode l  s t ruc tu re  and
he lps  parameter  es t imat ion  in  non l inear  regress ion.

Resu l tan t  taper  equa t ions  showed tha t  two  segments  we l l
dep ic t  the  re la t ionsh ip  be tween s tem d iameter  and he igh t
for trees in this study. The above conclusion does not go
with Fang and others.‘s  (2000) where three segments are
requ i red.  A p laus ib le  exp lanat ion  for  th is  d isagreement
might be the fact that the stems used in this work are
relatively young and do not exhibit much butt swell.

Fig. (2) shows the profiles of dab  and dib using a 18
meters long stem with dbh 20 centimeters for unfertilized
and fertilized trees, implying a significant fertilizer impact for
bo th  ins ide  and ou ts ide  bark  d iameters  on  upper  segment .
Specifically, fertilized trees have less taper than unfertilized
trees, implying more volume and woody materials on the
upper stem of fertilized trees.

In this study, we derived segmented stem weight equations
by  in tegra t ing  wood dens i t y  and  segmented  vo lume.  Th is
approach provides logical estimates of wood density for
any segment along the stem. This is especially noteworthy
s ince  prev ious ly  der ived  equat ions  overpred ic t  wood
density in the upper part of stems. Yet, the fact that fertifiza-
tion did not significantly affect the unit-weight of stem wood
agrees with the results of data analysis and conclusions
derived from the investigation done by ‘Clark using the
same da ta  (persona l  commun ica t ion ) .
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It should be noted that this system of stem taper-
vo lume-we igh t  equa t ions  was  f i t t ed  to  a  sma l l  da tabase
from a specific geographic location. Thus, any use of
these func t ions  shou ld  f i rs t  be  va l ida ted  on  independent
data. The objective here was not to produce equations
that will be widely used by practitioners but to develop a
modeling framework that is flexible enough to reflect the
impacts of various silvicultural treatments. As such,
these  equat ions  p rov ide  researchers  a  use fu l  too l  fo r
simulating the impact that fertilization may have on stem
form, volume, and weight.
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A MODEL FOR DEFINING AND PREDICTING THE
URBAN-WILDLAND INTERFACE FOR THE PIEDMONT OF

SOUTH CAROLINA

Mary L. Webb Marek and Lawrence R. Geringl

Abstract- Resource managers continue to experience a deluge of management conflicts
as urban population centers expand into areas that were formerly wildland  settings.
Traditional forest management practices, fire suppression, recreational opportunities and
wildlife management are activities that have become contentious in many locales. A better
understanding of the interface zones between these two types of land use is important if
managers are to successfully maintain the values of such lands. A model for defining the
urban-wildland interface for the Piedmont of South Carolina (Anderson, Oconee, and
Pickens  Counties) was developed, allowing identification of these transitional zones.
Landsat  TM and SPOT images provided a description of the current land cover and land use
of the study area. Census data were used to obtain information on housing densities,
population densities, and other social and cultural activities. Additional data (such as digital
road maps) were processed and added to the ArcView-based  GIS structure. On-site
ground truthing was also conducted. This procedure created a snapshot view of current
interface zones and provides a foundation for developing a dynamic model designed to
predict future change.

INTRODUCTION
The objective of this study is to develop a process for
determin ing the urban-wi ld land in ter face wi th in  Anderson,
Oconee, and Pickens  Counties in South Carolina using
social, economic, and land use/land cover data through the
use of a desktop geographic information system (GIS).

The idea of urban-wildland interface is a relatively new
prob lem in  na tura l  resource  management .  The growth  o f
the United States as a nation over the past two centuries is
intricately tied to the concept of the conflict between urban
deve lopment  and pre-ex is t ing  w i ld land.  Between 1970 and
1990, the United States population increased by 22.5
percent with 21 million acres being converted to more urban
land uses (Garkovich 2000).

According to a recent Sierra Club report, South Carolina lags
behind the rest of the nation in terms of open space protec-
tion, ranking third to the last among the fifty states (Romain
2000). This situation has sparked valid concerns of urban
sprawl in the Upstate of South Carolina. As the metropoli-
tan areas of Greenville, SC; Atlanta, GA; and Charlotte, NC
continue to expand, the counties located just outside of and
between these cities will continue to provide evidence of this
rura l  to  u rban t rans i t ion .  Concerned res idents  and po l i t i -
cians have formed groups focused on the protection of
spec i f i c  open  spaces .  Some o f  such  g roups  inc lude
Upstate Forever, Friends of the Reedy River, and a Commit-
tee  o f  Chang ing  Land Use and Env i ronment  (CLUE) .
While the concept of multiple use is widely acknowledged
and often practiced, the problem of externalities on the

urban-wildland interface presents a particularly difficult
management challenge because of the concentrated nature
of the activities. These changes in land use have sparked
many conflicts, making natural resource management more
difficult and creating the need for identification of these
urban-w i ld land  in te r face  a reas .  Management  o f  these
areas  requ i res  tha t  one must  unders tand the  var ious  land
cover, economic, social, political, and historical factors that
are involved in the make up of these zones. From this
information, a definition can then be developed and the
existence of these interface zones may be predicted and
appropr ia te  management  concepts  app l ied .

METHODS
A GIS database can be a vital tool within many different
professions and especially in the management of natural
resources  because  o f  i t s  in tegra l  spa t ia l  component .
Predictive modeling, as demonstrated in this study, is a
common application of GIS technology. Within ArcView  GIS,
queries can easily be built and the results visually dis-
played. The query tool in ArcView  allows an analyst to select
features and records in a table that relate to attributes of the
map data.

For this study, data from the 1990 United States Census
(median household income, housing density, roads and
municipalities) and 1992 satellite imagery (Landsat  Thematic
Mapper imagery of land use/land cover) were combined to
get a definition of the urban-wildland interface.

‘Graduate Student, Assistant Professor, Department of Forest Resources, Clemson University, Clemson, SC, respectively.
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Figure I-GPS  Data from Preliminary Sample

In  order  to  deve lop a  reasonable  query  for  urban-wi ld land
interface, a preliminary sample of global positioning system
(GPS) data was taken using a Trimble GeoExplorer  Il.
Points were collected randomly along roadsides within the
tri-county area. Each point was classified along a scale of
urban to wildland  based on observation. Although this
appears to be a subjective task, much of the process was
based on the Anderson Level II Land Use Classification
System (Anderson 1976). The map in figure 1 depicts the
scale of classification used and the preliminary sample of
GPS data.

The “GPSed”  points were examined to determine statistical
t rends  in  each  c lass i f i ca t ion .  Quer ies  were  then  conduc ted
to  ident i f y  where  urban-wi ld land in te r face  areas  were
located. Once the queries were completed, a verification
sample of 125 points was collected, again using GPS
technology, to compare the queried data with on-site
observa t ions  (g round- t ru th ing) .

Figure 3-Urban-Wildland  Interface Verification Sample Compared
with 99 Percent Confidence Interval Query.

RESULTS
The initial map queries of each classification included 90
percent, 95 percent, 99 percent confidence intervals based
on median household income and housing density because
these were the quantitative variables used in the study.
These queries also specified land use/land cover types
which occurred 30 percent or more of the time in each urban
to wildland  classification. Figure 2 depicts the results from
the 99 percent confidence interval query.

Figure 3 focuses on the query results for urban-wildland
interface, comparing those areas with urban-wildland
interface points collected in the verification sample. Local
mun ic ipa l i t ies  were  d isp layed fo r  loca t ion  re fe rence.  Here ,
a total land area of 635 square kilometers meets the
criteria from the query for urban-wildland interface. Points
from the verification sample allow one to examine the
veracity of the query results. Some points lay directly on
urban-wi ld land in te r face ,  ind ica t ing  agreement  be tween the
query criteria and on-site observations. Other points lay just

Figure 2-Query Results from 99 Percent Confidence Interval on
Housing Density and Median Household Income. Figure 4-Extended Query Results.
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Figure 5-Urban-Wildland  Interface Verification Sample
Compared with Extended Query.

outside of or along the outskirts of urban-wildland interface,
ind ica t ing  par t ia l  agreement  be tween the  query  da ta  and
on-site observations. Still other points remain in question,
lying on areas for which census data were not available,
and  there fo re ,  no t  answered  by  the  u rban-w i ld land  in te r face
query.

Because of overlapping data from the initial queries, each
c lass i f i ca t ion  was  separa ted  based  on  hous ing ,  w i th
h igher  dens i t ies  dep ic t ing  more urban areas.  The quer ies
were further refined by extending the ranges within each
classification and by requesting urban areas to reflect
mun ic ipa l i t y  boundar ies .  F igure  4  dep ic ts  the  resu l t s  f rom
this extended query. This map shows a more logical
pattern for locations of each classification, where urban
areas blend into interface areas, which in turn, blend into
wildland  areas.

Figure 5 focuses on the results from the extended query for
u rban-w i ld land  in te r face ,  as  compared  w i th  the  ver i f i ca t ion
po in ts  fo r  u rban-w i ld land in te r face .  Th is  query  ind ica tes

that a total area of 1061 square kilometers meet the criteria
for urban-wildland interface, nearly l/EJh  of the entire tri-
coun ty  a rea .  Th is  map shows more  agreement  be tween
the verification points and the query results. That agree-
ment reflects accuracy within the queries, and depicts the
locat ions  o f  u rban-wi ld land in ter face. However, points of
partial agreement and points of question still exist. It is yet
to be determined what may be occurring in these areas.
Perhaps they have outlying values in the housing density or
median househo ld  income var iab les ,  wh ich  wou ld  prevent
these regions from meeting the query criteria for urban-
wildland  interface. A revisit to these points may answer
some o f  t hese  ques t i ons .

CONCLUSION
This study reveals that using social, economic, land use/
land  cover  da ta  may de f ine  u rban-w i ld land  in te r face
locations. Maps like these could be used as a tool for
deve lopment  and land management  p lann ing ,  espec ia l l y
where conflicts exist or may arise. These maps allow land
managers to easily identify and focus on regions of
concern. They provide information for not only land manag-
ers and developers, but also for interested community
members  and loca l  res idents  w i th in  a reas  exper ienc ing
land use  changes .

This study could be further expanded to examine interface in
la rger  reg ions us ing add i t iona l  soc ia l  and economic
var iab les .  The added in fo rmat ion  wou ld  prov ide  an even
more  de ta i led  de f in i t ion ,  app l i cab le  to  more  communi t ies .
The model could also be adjusted to depict future change,
by including a variable representing time.
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THE EFFECT OF DENSITY ON THE HEIGHT-DIAMETER
RELATIONSHIP

Boris Zeide and Curtis Vanderschaaf’

Abstract-Using stand density along with mean diameter to predict average height
increases the proportion of explained variance. This result, obtained from permanent plots
established in a loblolly pine plantation thinned to different levels, makes sense. We know
that due to competition, trees with the same diameter are taller in denser stands. Diameter
and density are not only necessary, but may be sufficient for determining tree height
because other factors affecting height are reflected by diameter and density. In the process
of developing the proposed model we found that height increases monotonically with
density and that this increase is not bounded by an asymptote. Contrary to our expecta-
tions, the inclusion of density did not bring the allometric parameter of diameter closer to the
theoretical value of 2/3.

INTRODUCTION
By relating height and diameter we can express height from
diameter ,  wh ich  can be  measured eas ie r  and more  re l iab ly .
This relationship also informs us about stem taper and,
therefore, volume. As a result, the height-diameter relation-
ship is one of the most studied in forestry. Although
diameter is a good predictor of height, we may advance
fur ther  by  us ing  o ther  ava i lab le  in fo rmat ion .  D iameter
explains a lot of variation in height. After all, it is designed to
support the load that depends on tree height. Still, there are
other factors determining the load that may modify the
he igh t -d iameter  re la t ionsh ip .  The  most  obv ious  among
these factors is stand density.

APPROACH AND BASIC ASSUMPTIONS
Theoretical and empirical studies of the height-diameter
relationship suggest that it is an allometric function with the
power of diameter, b, equal to 2/3  (Greenhill 1881, McMahon
1973, Norberg  1988, O’Brien and others 1995):

H = aDb (1)

This relationship describes a column of equal resistance to
bending and buckling, which is a reasonable assumption for
tree stems exposed, in addition to the force of gravity, to
wind (O’Brien and others 1995, Schniewind 1962) and snow
(King and Loucks  1978, McMahon and Bonner 1983). Such
a column maintains elastic similarity along the stem (Rich
1986, Rich and others 1986). Elastic similarity leads to
b=2/3  and allows the tree to maintain a constant safety
factor against both buckling and bending due to tree weight
and wind force (McMahon and Bonner 1983, Norberg  1988,
Rich  and o thers  1986) .

Bes ides  pu re l y  s t ruc tu ra l  cons ide ra t i ons ,  t he re  i s  a
biological component. Trees have evolved to equalize not
so much the strength along the stem as to equalize the

damage to its survival. Below the crown this biological
requ i rement  co inc ides  w i th  the  mechan ica l  one because a t
any point breakage dooms the tree. The situation inside the
crown is different. Trees may survive the loss of a third of
the crown and more. Therefore, it would not pay to invest
into equal strength of the upper stem. Indeed, trees often
lose tree tops, most frequently within the upper third of the
crown.

Equation (1) assumes that height depends exclusively on
diameter. This is not true: in dense stands trees with the
same diameter are taller than those in less dense stands.
Therefore, stand density should be included as the second
predictor of average height. Out of many ways to incorporate
density into the predicting equation, we tested several
asympto t i c  and  non-asympto t i c  dens i t y  modu les  ( tab le  3 ) .

As the measure of density we used Reineke’s Stand Density
index (SDI) (Reineke  1933):

SDI  = N*(D/lO)” (2)

where: N = number of trees per acre, D = quadratic mean
diameter of a stand. The power of 1.7 was provided by
MacKinney  and others (1937) who reanalyzed the data used
by Reineke  (1933) with standard statistical methods.
Sometimes it is convenient to normalize the index by dividing
it by the maximum value of 450 which was reported by
Reineke  for loblolly pine:

I = (N*(D/10)‘.‘)/450 (3)

Density does not affect height prior to the onset of competi-
tion, which happens, according to our observations when
Reineke’s index is 34. This minimal level of density,
denoted as IO = 34/450,  is used in the following models to
set the initial effective density to 1.

‘Professor and Research Specialist, School of Forest Resources, University of Arkansas, Monticello, AR 71656-3468, respectively.
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Table l-Quadratic mean diameter (1, - in inches) and average total tree height (H - in feet) by TBA
(target basal area in square feet per acre) treatment from the Monticello thinning and pruning study.
No measurements were conducted prior to age 27 for the Control TBA, and no height measure-
ments were conducted at age 37 for any density. The Control TBA had an average basal area of 137
square feet per acre across all

TBA

Age -- 30 -- -- 50 _- _ _ 70 -- -- go -- Control
D H D H D H D H D H

12 6 . 0 3 6 . 4 6 . 9 3 7 . 2 6 . 6 36.6 6.6 3 5 . 9
1 5 9.1 4 3 . 6 8 . 7 4 4 . 2 8 . 0 43.7 7.8 4 3 . 3
1 6 9 . 7 4 6 . 3 9 . 4 4 8 . 1 8 . 6 46.8 8.2 4 6 . 0
1 9 1 1 . 7 5 1 . 8 1 1 . 1 5 1 . 5 9 . 9 51.2 9.4 4 9 . 0
2 4 1 4 . 4 6 1 . 2 1 3 . 5 6 4 . 3 1 2 . 0 6 2 . 8 1 1 . 1 6 1  . O
2 7 1 6 . 2 6 7 . 2 1 5 . 0 6 9 . 4 1 3 . 4 6 8 . 7 1 2 . 3 6 7 . 1 9:9 58:2
3 0 1 8 . 4 7 3 . 5 1 6 . 8 7 5 . 5 1 4 . 9 7 4 . 5 1 3 . 7 7 4 . 2 1 0 . 8 6 5 . 7
3 5 2 1 . 1 7 7 . 5 19.1 8 0 . 3 1 6 . 9 7 9 . 8 1 5 . 4 7 9 . 7 1 1 . 6 7 2 . 8
3 7 21.8 - 19.7 - 17.4 - 16.0 - 12.6 -
4 0 2 2 . 7 8 4 . 7 2 0 . 6 8 6 . 6 1 8 . 3 8 6 . 0 1 6 . 7 8 6 . 5 1 2 . 8 7 8 . 6

-

DATA
We used data collected during ten measurements on 40
permanent plots (table 1) established in 1970 by the
Southern Forest Experiment Station in a typical 12-year-old
loblolly pine (finus  taeda  I...)  plantation in southeast Arkan-
sas (Burton 1981). This is the second oldest active thinning
and pruning study in loblolly pine stands. What makes these
data particularly suitable for this research is the wide range
of density. Plots were initially thinned at age 12 to 40, 60, 80
and 100 feet’lac of basal area. After the second inventory at
age 15, basal areas were reduced to 30, 50, 70 and 90 feet21
ac (TBA) and maintained at these levels by subsequent
thinnings at ages 24, 27, 30, 35, and 40. The density
variation was further enhanced by three severe ice storms.
At the age of 27 five control plots (without thinning) were
established on the adjacent untreated portion of the planta-
tion.

tested models the parameter of density was significantly
different from 0, which indicates that, regardless of equa-
tion form, density does help to predict height when diam-
eter is known. The inclusion of density increased the
proportion of explained variation in height from 0.88 to 0.93.

IS THERE AN OPTIMAL DENSITY FOR HEIGHT
GROWTH?
Now that we are sure that density is an important predictor of
height, we want to know whether there is a density at which
height reaches its maximum for a given diameter. Discover-
ing such an optimal density would be of help to foresters who
are interested in maximizing height growth.

To solve this question, we used a model flexible enough to
locate a possible culmination of height. To this end, our
model includes two density terms, driven by density (I), and
density squared ( 12) :

DOES DENSITY HELP TO PREDICT HEIGHT WHEN
DIAMETER IS KNOWN? H  = aDbed+S(l’l)

Before designing a model to predict height using diameter
and density, we would like to make sure that the density
effect is significant. Two methods were used for this purpose.
First, we fitted the traditional allometric model relating height
and diameter (equation (1)) to five groups of plots differing in
density. The equation was linearized by log-transforming the
variables. We found that predicted average heights of the
stands with the same diameter (average quadratic mean
diameter across all treatments and ages) increased with
stand density level (table 2). The height difference between
the extreme levels of density is 21 feet. Parameter b also
showed an increasing trend in managed stands. Its pooled
value is 0.7374, which is slightly greater than 2/3,  probably
because of the unaccounted effects of density.

If c and g are both positive, there is no maximum height. If c
and g are both negative, then our logic and analytical
procedures are entirely incorrect because this would mean
that height decreases when density increases. But, if c is
positive and g is negative then there is a maximum height.

The  second  method  i s  to  tes t  severa l  mode ls  inc lud ing
density as a predictor along with diameter (table 3). In all

The results (c = 0.9412 g = -0.6180) show that there is an
optimal density, that is the density at which height reaches a
maximum. This conclusion contradicts our understanding of
the involved processes. We believe that when diameters are
equal, average height increases with increasing density.
Should we trust the parameter values obtained from a
limited data set or our reasoning? Fortunately, this contra-
diction can be resolved by calcula0ng  the value of the
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Table 2-Comparison  of the relationship between height and diameter by density treatment fitted to data
from the Monticello thinning and pruning study. Where D = quadratic mean diameter in inch&s, H = average
height in feet (height corresponding to D), Obs. = number of observations, Den = square feet of basal area
per acre, SEE = standard error of the estimate, Hest = average height in feet estimation of a stand with a
QMD of 13 inches (average size of D across all treatments and ages), SEE = standard error of the estimate,
Adj. R2 - is the adjusted R-squared value. Variables were log-transformed prior to fitting. The number after-e
represents the single standard error

Equat ion Obs . D e n a b S E E Adj. R2 H e s t

H = aDb 9 0 3 2 9.7834 0.6855 0.0596 0.9538 5 7
kO.4197 kO.0160

H = aDb 9 0 5 1 8.3875 0.7730 0.0533 0.9646 6 1
kO.3441 +0.0157

H = aDb 9 0 6 9 7.8677 0.8259 0.0436 0.9764 6 5
kO.2680 kO.0136

H=aDb 9 0 8 5 6.5471 0.9194 0.0486 0.9720 6 9
kO.2638 kO.0165

H = aDb 1 9 1 3 7 9.3161 0.8263 0.0598 0.7532 7 8
k2.8621 +o.  1105

optimal density, I’, which can be obtained from the following
equat ion:

dH/dl  = H(c+2gl)  = 0 (5)

Hence I*  = -c/2g  = 0.7615. This value is beyond the data
range: the actual maximum density of the data is 0.7017.
This means that the discovered optimum is illusory. The
negative term indicates that the relationship between height
and density is not linear but concave down.

IS THE RELATIONSHIP BETWEEN DENSITY AND
HEIGHT ASYMPTOTIC?
The next question is: does the discovered concave form
approach a finite maximum height or is the height increase
unlimited? The asymptotic form means that when density is
high further increase will produce practically no increase in
height, which is not likely. We believe that the non-asymp-
totic form is more biologically reasonable. Besides this
somewhat intuitive reasoning, we tested both asymptotic and
non-asymptotic log-transformed models to estimate height
using diameter and density as predictors. As it turned out,
the non-asymptotic models are slightly more precise. To
make sure that this result is not an artifact of a specific

equation form, we tested models of each form (table 3). For
p rac t i ca l  use  we  recommend the  mos t  p rec ise  mode l ,  the
last in table 3.

CONCLUSIONS
Diameter and height provide us information about stem taper
and ultimately tree volume. Often height is estimated using
the easier obtained diameter. However, prediction of height
using only diameter does not account for differences in stem
taper associated with changes in density for stands of the
same diameter. Density helps to explain variation in height
and there fore  needs to  be inc luded in to  the  he ight -d iameter
relationship. The relationship between height of trees with
the same diameter and density is concave down. Yet, it is
no t  bounded by  an  asympto te .  The  mode l  we  recommend
(table 3) satisfies all the considered requirements. It is
also the most precise.

Still, we are not totally happy with our results. We expected
that the introduction of density as a predictor would bring the
value of parameter b closer to its theoretical value of 0.67.
We failed in this respect: the excess of parameter b over
0.67 increased from 0.07 to 0.15 (table 3). Further studies
need to be conducted to develop a density module that is
both efficient in explaining variation in height and provides b
with a value close to that predicted theoretically.
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Table 3-Comparison of the relationships between height, diameter, and density fitted to 379 obs. from
the Monticello thinning and pruning study. D = quadratic mean diameter in inches, H = average height in
feet (height corresponding to D), SDI = Reineke’s stand density index, SD10 = minimum value of SDI
(onset of competition) equal to 34.03, SEE = standard error of the estimate, Adj. R* - is the adjusted R-
squared value. Variables were log-transformed prior to fitting. The number after + represents the single
standard error

Equation a b C SEE Adj. R2

Normal height-diameter relationship

H = aDb 9.4734 0.7374 0.0981 0.8763
+ 0 . 3 4 4 3 +0.0142

Height-diameter relationship with an asymptotic density module

H = aDb* 6.4200 0.8196 0.0723 0.0756 0.9266
(2-e-cSDiiSD’o) k 0 . 2 5 6 7 kO.0121 +0.0074

Height-diameter relationship with a non-asymptotic density module

H = aDb* 5.8751 0.8210 0.1945 0.0750 0.9278
(l+SDI/SDIO)”  kO.2392 +0.0120 +0.0118
H = aDb* 6.5875 0.8223 0.1422 0.0749 0.9280
(SDVSDIO)”  kO.2353 +0.0120 +0.0086
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INTERIM TAPER AND CUBIC-FOOT VOLUME EQUATIONS
FOR YOUNG LONGLEAF  PINE PLANTATIONS IN

SOUTHWEST GEORGIA

John FL Brooks, Stacey  Martin, Jeff Jordan, and Chris SewelI’

Abstract- Outside bark diameter measurements were taken at 0, 0.5, 2.0, 4.5, 6.0, 16.6
and 4 foot height intervals above 6 foot to a 2 inch dob top diameter on 42 longleaf  pine
trees selected from intensively managed longleaf  pine (Pinus  palusfris  nllill.)  plantations in
Dougherty and Worth Counties in southwest Georgia. Trees were sampled from unthinned,
cutover stands in their lllh  and 141h  growing season that are currently part of an existing
growth and yield study. Sample trees ranged from 2 to 7 inches in diameter and from 18 to
40 feet in total height. Parameters for a segmented polynomial taper and compatible cubic
foot volume equation were simultaneously estimated using a seemingly unrelated nonlinear
fitting procedure to volumes based on a generalized Newton formula and an overlapping bolt
methodology. Resultant taper and volume functions were compared to published equations
for longleaf  plantations in the West Gulf physiographic region.

INTRODUCTION
Over the past decade there has been an increased interest
in planting longleaf  pine (Pinus  palustr is  Mill.)  in southwest
Georgia. This interest is based on a historical, as well as
an  emot iona l  re la t i onsh ip  w i th  th i s  spec ies ,  the  ex is tence
of cost sharing programs, and the ability to consistently
es tab l i sh  we l l  s tocked ,  un i fo rm p lan t ings  tha t  genera l l y  do
not exhibit a “grass-stage”. The ability to establish these
types  o f  p lan t ings  i s  based  on  ma jo r  advancements  in
seed l ing  ca re ,  p lan t ing  techn iques ,  more  in tens ive  s i te
prepara t ion  methods and inc lus ion  o f  pos t  p lan t ing
herbaceous  weed con t ro l .

Little is known regarding the growth and yield of longleaf
plantations in the Southeast, especially for these more
in tens ive ly  managed p lan ta t ions .  Mos t  o f  the  pub l i shed
mensurational information on planted longleaf  stands has
been for cutover sites in the West Gulf physiographic
reg ion .  Compat ib le  taper  and vo lume func t ions  have been
pub l ished fo r  ou ts ide  bark  d iameters  (Ba ldwin  and Po lmer
1981)  and ins ide  bark  d iameters  (Thomas and o thers
1995) for plantations in central Louisiana and east Texas. A
to ta l  and merchantab le  cub ic  foo t  vo lume equat ion  has
a lso  been deve loped f rom p lan ta t ions  in  th is  same reg ion
by Ba ldwin  and Sauc ier  (1983) .  Whether  these equat ions
accurately model the taper and volume of trees in south-
west  Georg ia  has never  been examined.

The purpose of this project was to develop compatible
taper and cubic foot volume functions as part of a growth
and yield study for unthinned longleaf  pine plantations on
cutover sites in southwest Georgia and to compare the
resu l t ing  equat ions  w i th  those tha t  have been deve loped
for longleaf  pine plantations in the West Gulf.

METHODS
Sample  t rees  were  se lec ted  dur ing  the  summer  o f  2000
f rom th ree  un th inned p lan ta t ions  in  Dougher ty  and  Wor th
Counties, Georgia that are part of an existing growth and
yield study. Plantations were established on cutover stands
tha t  rece ived  mechan ica l  as  we l l  as  chemica l  s i te  p repara-
tion. Plantations ranged in age from 12 to 14 years and
were  es tab l ished on sandy loam so i ls  us ing  bare  roo t
seed l ings .  A  descr ip t ion  o f  these  p lan ta t ions  i s  p resen ted
in table 1.

Approx imate ly  15  samp le  t rees  were  se lec ted  f rom the
interior of each plantation from the area buffering existing
permanent growth and yield plots. An attempt was made to
stratify the sample by diameter class without leaving holes
in the existing stand. Sample tree distribution by height and
d iamete r  c lass  i s  d i sp layed  in  tab le  2 .  T rees  possess ing
mu l t i p le  s tems ,  b roken  tops ,  obv ious  cankers  o r  c rooked
bo les  were  no t  inc luded in  the  sample .  Each sample  t ree
was felled at ground level and total tree height recorded to
the nearest 0.1 foot. One inch sample disks were removed
from the base, 0.5 foot, 2.0 feet, 4.5 feet, 6.0 feet and
repeatedly along the stem at 4 foot intervals until reaching a
2 inch dob top diameter. An additional disk was also
removed at 16.6 feet to represent Girard form class height.
Diameter outside bark to the nearest 0.01 inch was
measured for each disk using a diameter tape. The data
se t  inc luded 456 ou ts ide  bark  measurements  on  42
sample trees. Cubic foot volume outside bark was calcu-
lated for each bolt utilizing an overlapping bolt method
(Ba i ley ,  1995)  and a  genera l ized Newton fo rmula  descr ibed
by Wiant and others (1992).
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DATA ANALYSIS
The Max and Burkhart (1976) segmented polynomial taper
function was selected as the first candidate taper model,
which has the form:

Where d is diameter outside bark (in.) at some given height
h (feet), D is diameter outside bark (in.) at breast height, Zu
is the ratio of the upper bolt height to total height, 01,  and op
represent the joint points estimated during the fitting
procedure, and the O’s  are model parameters. The 1,‘s  are
ind ica tor  var iab les  and are  def ined as :

Ii =
i

1, if Z, <ai
0, if Z, * ai

integration of the taper function over height results in the
vo lume mode l :

V = k.V2H

+P,XZ.  -2,)yz; -z;)++(z:  -z/q-&
-!$4  -Z,YJ,-(a,  -Z,YK,l
-$[(n? -Z,)iJ, -(a2 -Z,?K,

’ (2)

1

Where V is volume outside bark in ft3,  k is n/576,  H is total
height in feet, Zu  is the ratio of upper bolt height to H, 2, is
the ratio of lower bolt height to H, and the o’s  and O’S  are
as previously defined. The J,‘s  and K,‘s  are indicator
var iab les  and are  def ined as :

Ji =
1, if Z, 5 ai
0, if Z, * ai

lr(
i

= 19 if ZI s 
ai

i 0, if  Z, * ai

Trad i t iona l  deve lopment  o f  compat ib le  taper  and vo lume
func t ions  invo lves  paramete r  es t imat ion  fo r  the  taper
function, which is then integrated to provide volume. This
approach  w i l l  m in im ize  the  e r ro r  assoc ia ted  w i th  s tem
diameter  es t imat ion  bu t  does  no t  ensure  min ima l  e r ro r  in
vo lume es t ima t ion .  I n  an  a t tempt  to  s imu l taneous ly
minimize the error associated with taper and volume,
Equation (1) and Equation (2) were simultaneously fit as

seeming ly  unre la ted  regress ions  (SUR)  us ing  SAS/ETS
Model Procedure (SAS Institute Inc. 1993).

RESULTS
Statistics of fit and parameter estimates from the SUR
fitting procedure for Equation (1) and Equation (2) are
presented in tables 3 and 4, respectively.

Taper
The proposed taper  func t ion  was  compared  to  the  equat ion
publ ished by Ba ldwin  and Polmer  (1981)  for  p lanted
longleaf  in the West Gulf region. Residuals for diameter
outside bark at several relative height classes were
compared  us ing  s ta t i s t i cs  s im i la r  to  those  app l ied  by
Parresol and others (1987). These included: (1) the Sum of
squared  re la t i ve  res idua ls  (SSRR) ;  (2 )  Mean abso lu te
residual (AbsD);  (3) Bias (D); and (4) Standard deviation of
res idua ls  (Sd)  ( tab le  5) .  The Baldwin  and Polmer  (1981)
model was superior only in relative height class 1 (relative
height of 0.06 to 0.15) and to a lesser extent, in relative
height class 2 (table 6). The superiority in this part of the
stem is due to the fact that for the tree sizes evaluated in
this study, relative height class 1 reflects the relative height
a t  dbh and the  Bennet t  and o thers  (1978)  model  employed
by  Ba ldwin  and  Po lmer  (1981)  cons t ra ins  the  mode l  to
equal dbh at 4.5 feet. A review of the residual plot for the
Baldwin  and Po lmer  model  ind ica ted an over  es t imat ion  o f
stem diameter at the base of the tree, an under estimation
of stem diameter between relative heights of 0.2 and 0.5,
and an over estimation of stem diameter between relative
heights of 0.5 and 0.9. Both models are constrained to a 0
inch top diameter at total tree height. No irregularities were
detected from the residual plot for the proposed model.

Volume
The proposed compat ib le  cub ic  foo t  vo lume func t ion  was
compared to the total cubic foot volume estimates from the
Baldwin and Polmer  (1981)  and Baldwin and Saucier
(1983)  mode ls  us ing  the i r  pub l i shed parameter  es t imates .
In terms of total stem cubic foot volume (ob), the Baldwin
and Po lmer  equat ion  was super io r  to  the  Ba ldwin  and
Sauc ier  equat ion and the proposed equat ion was super ior
to the Baldwin and Polmer equation. The same statistics
used to evaluate the differences in stem diameter

Table i-Description of sampled longleaf  pine plantations

Plantation ‘lantlng  AgeSpac ing T P A  BA/AC  GMD(in)  DHT*  (ft)

1 6*8  14 516 6 6 . 4 4.9 3 9 . 0

2 6*8  12 798 8 7 . 7 4 . 5 3 5 . 2

3 6*8 1 2 695 9 2 . 8 4 . 9 3 3 . 7

* W h e r e  D H T  e q u a l s  t h e  a v e r a g e  t o t a l  h e i g h t  o f  d o m i n a n t  a n d
c o d o m i n a n t  t r e e s
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Table 2-Distribution of felled longleaf pine sample trees
by diameter and total height class

D b h  ( i n . )  2 0  2 5 30 35 40 Total

2 5 3 8

3 4 1 5

4 2 5 5 1 2

5 1 4 2 7

6 5 1 6

7 1 3 4

Total 5 9 7 15 6 4 2

Table 3-Nonlinear SUR summary of residual errors

D F DF

Equation Model E r r o r S S E MSE R-Square A d j
R - S q u a r e

1 3 465 5 . 2 5 2 1  0 . 0 1 1 3  0 . 9 5 7 9 0.9577

2 3 465 0 . 4 4 2 6  0 . 0 0 0 9 5 2  0 . 9 6 8 4 0.9683

Table 4-Nonlinear SUR parameter estimates

Parameter Estimate Std Err t value P>  Iti

Bl  -3.0544 0.2902 -10.53 0.0001

82 1.349745 0.1727 7.84 0.0001

B 3  - 1 . 3 6 5 5 6 0 . 1 6 6 2  - 8 . 2 1 0.0001

84 1 5 4 . 0 1 9 7 22.8409 6.74 0.0001

Al 0.606008 0 . 0 5 0 4  1 2 . 0 2 0.0001

A2 0.057371 0.00416 13.78 0.0001

Table !+Statistics  used to evaluate predicted diameters
(ob) and total cubic foot volume (ob)

Sum o f  Squared  Re la t i ve  Res idua ls  (SSRR)

es idua l  (AbsD)

&-s(yi -h)

Bias (D) n

C(Y1-9

Standarnd  Deviation of Residuals (Sd)

Where:Yj  represents either the observed diameter or volume (ob)
and ii  represents either the predicted diameter or volume (ob).

estimates were applied to total cubic foot volume
differences (table 7). The average residual (D) for the
proposed model was 85 percent smaller than that for
the  Ba ldwin  and Po lmer  equat ion .  D i f fe rences  be tween
the standard deviation of the residuals were minute. A
review of the residual plots indicated that the Baldwin
and Sauc ier  equat ion  underes t imated vo lume for  a l l
trees greater than 4 inches dbh. This bias increased
directly with dbh with residuals ranging from -0.4 to 0.6
cub ic  foo t .  The Ba ldwin  and Po lmer  equat ion
underestimated volume for 78 percent of the trees with
residuals ranging from -0.5 to 0.3 cubic foot. The
proposed model was biased for trees in the 2 and 3
inch diameter class, however, this bias was small (< 0.1
cubic foot). Residuals ranged from -0.5 to 0.2 cubic
foot.

Table 6-Statistics of fit for 10 relative height classes based on planted longleaf  pine taper data

Relative Height Class
Mode l * Statistic 0 1 2 3 4 5 6 7 8 9

1 SSRR 0.608 0.047 0.090 0.216 0.320 0.365 0.949 0.697 0.695 0.007
AbsD 0.060 0.017 0.027 0.067 0.069 0.068 0.105 0.140 0.155 0.086

D -0.048 0.006 0.022 0.066 0.052 -0.007 -0 .081 -0 .132 -0 .147 0.086
S d 0.339 0.101 0.122 0.168 0.231 0.287 0.330 0.228 0.207

2 S S R R 0.313 0.084 0.071 0.058 0.131 0.230 0.518 0.257 0.234 0.002
AbsD 0.043 0.026 0.031 0.031 0.043 0.050 0.080 0.072 0.085 0.039

D 0.006 0.010 0.007 0.011 0.015 0.003 0.016 0.054 0.054 0.039
S d 0.249 0.136 0.128 0.156 0.188 0.236 0.275 0.175 0.177

* (1) Baldwin &  Polmer (2) Brooks and others
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Table 7-Statistics to evaluate predicted total cubic foot volume for 42 longleaf pine trees

Statistics Baldwin  & Sauc ier Baldwin  & Po lmer
(1983) (1981)

Brooks  and o thers

SSRR 0.46073 0.47951 0.36356
AbsD 0.12583 0.11511 0.09566
D 0.07009 0.06385 0.00984
S d 0.16215 0.13627 0.13479

CONCLUSIONS
The objective of the study was to compare existing taper
and cubic foot volume equations for planted longleaf  pine
in the West Gulf to an equation fit to 42 sample trees from
plantations in southwest Georgia. It is not surprising that
the  p roposed mode l  had  the  smal les t  res idua ls  s ince  i t
was fit to the test data. How the existing equations pre-
d ic ted  taper  and/or  vo lume compared to  the  proposed
model was of primary interest. The Baldwin and Saucier
(1983)  vo lume equat ion  possessed res idua l  t rends tha t
would make it an unlikely candidate for use in these young
planta t ions.  The Baldwin  and Polmer  (1981)  equat ions
prov ided  reasonab le  es t imates  o f  vo lume bu t  was  l im i ted
in its ability to accurately predict stem diameter. Further
analysis is planned to fit the Bennett and others (1978)
model  and o ther  non l inear  segmented po lynomia l  mode ls
to this data set in an attempt to further reduce volume and
taper  es t imat ion  e r ro rs .
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ECONOMIC EVALUATION OF RESTORING THE
SHORTLEAF PINE-BLUESTEM GRASS

ECOSYSTEM ON THE OUACHITA
NATIONAL FOREST

Michael M. Huebschmann, Daniel S. Tilley,  Thomas B. Lynch,
David K. Lewis, and James M. Guldin

POSTER SUMMARY
The USDA Fores t  Serv ice  i s  res to r ing  p re-European
settlement forest conditions on about 10 percent (155,000
acres) of the Ouachita National Forest in western Arkansas.
These conditions - characterized by large, scattered
shortleaf pine and hardwoods maintained on 120-year
rotations, with bluestem  grass and associated herbaceous
vegetation in the understory - are expected to re-establish
a broad habitat type missing from the landscape, one
suited to supporting the recovery of the endangered red-
cockaded woodpecker (USDA Forest Service 1996a,
199613). This study was designed to forecast the amount of
t imber  harves t  vo lume and revenue the  Ouach i ta  Nat iona l
Fores t  may  fo rego  by  adopt ing  the  shor t lea f  p ine-b lues tem
grass  (o r  p ine-b lues tem)  management  sys tem in  l ieu  o f
t rad i t iona l ,  even-aged management .

Pub l ished growth  and y ie ld  mode ls  were  used to  p red ic t
volumes available for harvest during a lOO-year-long  period
in  the  p ine-b lues tem res tora t ion  area under  bo th  sce-
narios. Table 1 contrasts the rotation lengths and other
s ign i f i can t  cha rac te r i s t i cs  o f  t he  two  management  sce -
narios. A model for predicting timber sale value was
deve loped,  and then app l ied  to  the  pred ic ted  vo lumes in
order  to  compare  the  respec t i ve  revenue s t reams
(Huebschmann 2000,  Huebschmann and o thers  2000) .

During the loo-year  simulation period, the pine-bluestem
scenario produces 26 percent less pine sawlog  volume in
the restoration area. Timber sale revenue from the area
also declines by 51 percent in present-value terms.
Because the  p ine-b lues tem area  covers  on ly  a  smal l
portion of the Ouachita National Forest, however, this
dec l ine  t rans la tes  in to  a  Fores t -w ide  revenue reduc t ion  o f
between 2 and 5 percent.

As a result of restoring the pine-bluestem ecosystem, the
Forest Service expects to provide habitat capable of
eventua l ly  suppor t ing  400 breed ing pa i rs  o f  red-cockaded
woodpeckers. By foregoing the revenue that could be

Table l-Characteristics of the traditional even-aged and
pine-bluestem management scenarios compared in this
study

Management  scenario

Charac te r i s t i c Trad i t iona l P ine-B lues tem

Rotation length (yr) 8 0 120

Stand BA (fWac) 60<pine<90 60<pine<80
lO<hdwd<l5 lO<hdwd<lfi

Pos t -ha rves t
res idua l  overs to ry
BA (ftvac) 20 p ine 40 p ine

10 hdwd 10 hdwd

Burning interval (yr) 4 3

genera ted  under  even-aged management ,  the  Fores t
Service places an implicit value of about $1,700 per year (in
p resen t -va lue  te rms)  on  each  woodpecker .

The p ine-b lues tem management  reg ime requ i res  suc-
cessful silvicultural treatments and growth and yield
forecasts outside the range of general experience in the
reg ion .  Thus ,  add i t iona l  mon i to r ing  w i l l  be  needed to
validate the conditions and estimates used in this analysis.
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ESTIMATING THE PROBABILITY OF ACHIEVING
SHORTLEAF PINE REGENERATION AT VARIABLE

SPECIFIED LEVELS

Thomas B. Lynch, Jean Nkouka, Michael M. Huebschmann, and
James M. Guldin’

POSTER SUMMARY
A model was developed that can be used to estimate
the probability of achieving regeneration at a variety of
specified stem density levels. The model was fitted to
shortleaf pine (Pinus  echinata  Mill.) regeneration data,
and can be used to estimate the probability of achieving
desired levels of regeneration between 300 and 700
stems per acre 9-l 0 years after thinning to a specified
level of overstory basal area per acre. The level of
regeneration to be achieved was used to modify a logistic
model to estimate probability of obtaining regeneration at
the desired level. Variables used in the model to predict
probability of achieving the desired regeneration level
were site index for shortleaf pine (base age 50),  overstory
basal area, age at time of thinning and a dummy (0 or 1)
variable representing year of plot establishment.

The data consisted of measurements made on 5milacre
plots located within 182 circular permanent plots, 0.2-
acre in size. These plots were established in natural
even-aged pure shortleaf pine stands thinned to predeter-
mined residual overstory basal area levels in one of four
density categories: 30, 60, 90 or 120 square feet per
acre. Plots were established in four age categories (20,
40, 60 and 80 years) and in four site index classes (50,
60, 70, 80 feet at 50 years). At the time of plot establish-
ment hardwoods were treated with herbicide by tree
injection or girdling. Each 0.2-acre  plot was surrounded
by a 33-foot buffer strip, which received the same
th inn ing  and herb ic ide  t rea tment .  Shor t lea f  p ine
regeneration stems were tallied on two 5-milacre  plots
located due north and south midway between the plot
center and the boundary of each 0.2-acre  shortleaf pine
overs to ry  p lo t .  The regenera t ion  sample  occur red  9-10
years after plot establishment.

Larson and others (1997) used a logistic model to predict
the probability of achieving specified levels of oak
regeneration. Target density levels could not be varied
within a particular equation for the models developed by
Larson and others (1997). However, they fitted several
equat ions  independent ly  to  d i f fe ren t  ta rge t  dens i ty

levels. For the current study, varying levels of shortleaf  pine
regeneration density levels were obtained by using the
natural logarithm of the specified density level as an
independent variable in a logistic model. To obtain a
satisfactory fit for the model it was necessary to form an
independent  var iab le  by  mul t ip ly ing  the natura l  logar i thm of
density level by the square of site index.

Paramete r  es t ima t ion  fo r  th i s  mode l  w i th  common log is t i c
regress ion  so f tware  i s  p rob lemat ic  because the  leve l  o f
regenera t ion  success  i s  va r iab le .  There fo re ,  a  max imum
l ike l ihood procedure  was  deve loped and used to  es t imate
parameters  in  th is  mode l .  Three  leve ls  o f  regenera t ion
success  were  spec i f i ed  fo r  the  purpose  o f  pa ramete r
estimation: 300, 500 and 700 stems per acre. These levels
were  used to  de f ine  regenera t ion  ca tegor ies  such tha t
each plot could be assigned to one of these categories, for
example, more than 300 but less than 500 stems per acre.
A  mul t inomia l  d is t r ibu t ion  based on  these ca tegor ies  was
used to develop a likelihood function. The modified logistic
function was used to represent probabilities in the likeli-
hood function. The LOGDEN  function in SHAZAM (White
1993)  economet r i c  so f tware  was  used  to  max im ize  the
l i ke l ihood  func t ion  w i th  respec t  to  equa t ion  paramete rs  so
tha t  max imum l i ke l ihood  es t imates  were  ob ta ined .

Parameter estimates from the model indicate that ad-
equate  shor t lea f  p ine  regenera t ion  is  less  l i ke ly  on  good
sites than on poor sites as measured by shortleaf pine site
index .  Adequate  shor t lea f  p ine  regenera t ion  becomes less
likely as overstory basal area per acre increases, and is
less likely at young overstory stand ages. The parameter
es t imate  assoc ia ted  w i th  year  o f  th inn ing  and  herb ic ide
treatment indicates that the probability of obtaining ad-
equate regeneration can vary substantially due to the year
in  wh ich  th inn ing  and herb ic ide  t rea tment  occur red .  Th is
could be due to variability in shortleaf pine seed crops and/
o r  cond i t ions  fo r  seed l ing  es tab l i shment  and  surv iva l .  The
resulting model for prediction of probability for regeneration
success should be applicable for levels of shortleaf pine
regenerat ion  between 300 and 700 s tems per  acre .
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